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Abstract

We show finiteness results on torsion points of commutative algebraic groups over a p-adic
field K with values in various algebraic extensions L/K of infinite degree. We mainly study the
following cases: (1) L is an abelian extension which is a splitting field of a crystalline character
(such as a Lubin-Tate extension). (2) L is a certain iterate extension of K associated with
Lubin-Tate formal groups, which is familiar with Kummer theory.
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1 Introduction

Let p be a prime number. It is known (cf. [Mat], [CL, Theorem 5.2 (a)]) that, for any abelian
variety A over a p-adic field K and any finite extension L of K, we have

A(L) ~ Z?[L:Qp]dim 4 @ (a finite group).

Thus we may say that the free part of the Mordell-Weil group A(L) is well-understood (in contrast
to the number field case). Furthermore, some explicit bounds on the size of the torsion part
A(L)tor of A(L) is also studied under certain reduction hypothesis on A (cf. [Sil], [Si2] and [CX]).
We are interested in the finiteness of A(L)io, in the case where L is an algebraic extension of K
of infinite degree. Motivated by the Mazur’s question [Maz] for the Mordell-Weil group over a
cyclotomic field, Imai showed in [Im] that the torsion subgroup of A(K (ppe)) is finite if A has
potential good reduction, which is well-known as a powerful tool in Iwasawa theory. Here, y,~ is
the set of p-power roots of unity. Some “generalizations” of Imai’s theorem are also known. One of
generalization is given by Kubo and Taguchi [KT]; they showed that Imai’s theorem still holds if
we replace K (i) with K(K/P™), where K/P™ is the set of p-power roots of all elements of K.
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Another generalization is given in [Oz], which shows that Imai’s theorem still holds if we replace
K (ppoo) with the composite field of K and various Lubin-Tate extensions over p-adic fields.

In this paper, we give further discussions of [Oz] and consider a “Lubin-Tate theoretic” gener-
alization of [KT]. We need some notation to state our main theorems. Let k be a p-adic subfield
of K with residue field F;, O) the integer ring of k and take a uniformizer 7 of k. We take any
¢ = ¢(X) € O[X] with the property that ¢(X) = X? mod 7 and ¢(X) = 7X mod X?2. We set

K:=K(¢ my | ¢"(x) € K for some n > 1).

Here, K is a (fixed) algebraic closure of K, my; is its maximal ideal and ¢" is the n-th composite
of ¢. The field K has a geometric interpretation as follows: Denote by mg the maximal ideal of
the integer ring Ok of K. Let I’ be the Lubin-Tate formal group over Oy, associated with 7. Then
K is the extension field of K obtained by adjoining to K all 7"-th roots of all elements of F(mp)
for all n. If k = Q, and 7 = p > 2, then we have K = K((O%)Y?™) where (OX)/?™ is the set
of p-power roots of all units of O (cf. Example 5.2). Thus, in some sense, the field K is “closely
related” to the field studied by Kubo and Taguchi. The field K satisfies the following interesting
properties (see Section 5).

- Kis independent of the choice of ¢; it depends only on the choice of K, k and .

- K has a finite residue field and contains k. Here, k, /k is the Lubin-Tate extension associated
with 7.

- K is a non-abelian p-adic Lie extension of K and the extension I?/Kk7r is a Z;?[K:Q”]—

extension. The maximal abelian extension of K contained in K is a finite extension of
Kk,.

For the study of the Galois group Gal(I? /Kky), we follow the Kummer theory arguments of Ribet
[Ril], [Ri2] and Banaszak-Gajda-Krason [BGK].

Our interest is to study the finiteness of torsion points of abelian varieties, more generally,
commutative algebraic groups, with values in (a finite extension of) K. Now, first main result is
as follows.

Theorem 1.1. Assume that the pair (k,m) does not satisfy the condition (W) explained just

below. Then, for any finite extension L of K and any abelian variety A over L with potential good
reduction, the torsion subgroup A(L)ior of A(L) is finite.

The condition (W) appeared in the theorem is as follows. Let k¢ be the Galois closure of k/Q,
and set dg = [kg : Qp]. Fix an embedding Q= @p. We say that « is a q- Weil integer of weight
w (resp. a q-Weil number of weight w ) if « is an algebraic integer (resp. an algebraic number)
such that |¢(a)| = ¢*/2 for any embedding ¢: Q@ < C. Then, the condition (W) is;

(W) Nry/q, () is a g-Weil integer of weight dg/c for some integer ¢ with 1 < ¢ < dg.

Theorem 1.1 is a generalization and also a slight refinement of the main theorem of [Oz]; it shows
that, if (W) with a bit stronger assumption on the weight does not hold, then the torsion subgroup
of A(L) is finite for any finite extension L of k, and any abelian variety A over L with potential
good reduction. Note that Imai’s theorem can be recovered by applying the main theorem of
[Oz] (or Theorem 1.1 above) with £ = Q, and m = p. We remark that our results should give
applications to Iwasawa theory, for example, control theorems of Selmer groups for abelian varieties
over certain p-adic Lie extensions of number fields. In fact, arguments of [KT, Section 6] seem to
be familiar with our results.

We immediately see that the condition (W) is not enough if we hope to remove the reduction
hypothesis from Theorem 1.1 for a finiteness property of torsion points. (In fact, consider the case
where A is an elliptic curve with split multiplicative reduction and (k, ) = (Qp, p). Then the pair
(Qp, p) does not satisfy (W) but A(K ), is infinite since K contains ky = Qp(uup).) To overcome
this, we consider the following additional condition.



(1) ¢~ 'Nryq, () is a root of unity.

Our second result below can be applied to not only abelian varieties with potential good reduction
but also all commutative algebraic groups (here, an algebraic group over a field F' is a group scheme
of finite type over F).

Theorem 1.2. Assume that the pair (k,7) satisfies neither (W) nor (u). Then, for any finite
extension L of K and any commutative algebraic group G over L, the torsion subgroup G(L)ior of

G(L) is finite.

We show this theorem by combining Theorem 1.1, a structure theorem of commutative algebraic
groups and a non-archimedian rigid uniformization theorem of abelian varieties ([Ra], [BL] and
[BX]).

Furthermore, we show that, for given p-adic fields k& C K, there are only finitely many possibil-
ities of the absolute norm Nry g, () which might admit infiniteness of G/(K);o, for some algebraic
group G over K. Moreover, we show “uniform” version of this phenomenon. We denote by fx the
extension degree of the residue field extension of K/Q,.

Theorem 1.3. Let f,g > 0 be positive integers. There exists a finite set W = W(f, g; k) of q- Weil
integers depending only on f,g and k which satisfies the following property: If Nryq, (m) ¢ W,
then for any finite extension K/k with fx < f, any commutative algebraic group G over K of
dimension at most g and any finite extension L/I?, it holds that G(L)ior 1s finite.

In Section 4, we also give finiteness results, such as Theorems 1.1 and 1.2, on torsion of com-
mutative algebraic groups with values in abelian extensions which are splitting fields of some
crystalline characters (such as Lubin-Tate extensions). The results seem to be conceptual and
theoretical but they covers main results of [Im] and [Oz].
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Notation : For any algebraic extension F' of Q,, we denote by G the absolute Galois group of F'.
We also denote by O and mp the ring of integers of F' and its maximal ideal, respectively. For an
algebraic extension F'/F, we denote by fp/,p the extension degree of the residue field extension of
F'/F. We set fr := fp/q, to simplify notation. We denote by s, (F') the set of n-th roots of unity

in F, pn = pn(Q,), prees (F) := Um>oprem (F) for any prime number £ and fioo (F') := Up>opn (F).
Finally, any representation over a field in this paper is of finite dimension.

2 Finiteness criteria of torsion of algebraic groups

The aim of this section is to show that we may reduce arguments of finiteness of torsion points
of commutative algebraic groups to the cases of tori and abelian varieties with potential good
reduction. Let K be a p-adic field and L an algebraic extension of K. Let 0 < g < oo and let ¢
be any prime number (including the case £ = p). We consider the following conditions for a fixed
data (L/K,g,¥):

(te=s) The set pg (L') is finite for any finite extension L’ of L.

(AVy=) For any abelian variety A over K with potential good reduction of dimension < g, the set
A(L)[€>°] is finite.

We also consider the following conditions for a fixed data (L/K, g):

(too) The set poo(L’) is finite for any finite extension L’ of L.



(AV) For any abelian variety A over K with potential good reduction of dimension < g, the set
A(L)tor is finite.

Remark 2.1. Suppose that L is a Galois extension of K. We check that the condition (pge)
(resp. (ioo)) holds if and only if the set T(L)[¢*°] (resp. T(L)tor) is finite for any torus T over K.

The necessity is clear and so we show the sufficiency. Assume that the set T(L)[¢>°] (resp.
T'(L)tor) is finite for any torus 7" over K. Let L’ be a finite extension of L. Let Ty, := Resy//1,(Gm)
be the Weil restriction of G,. We have Tp, (L) = Gy, (L') by definition. The torus Ty, descends to a
torus T, over a finite subextension Ko/K of L/K. We set H := Resg,/x (T, ), which is a torus
over K. Since L is a Galois extension of K, we have isomorphisms

H(L) = Ty (1 0k Ko) = [[ Tico (1) = [ Gon(E)

where o runs through all K-algebra embeddings Ky < L. Now the finiteness of ppe (L") (resp.
Lo (L)) follows by the assumption.

Proposition 2.2. Assume that L is a Galois extension of K.

(1) If both (pes=) and (AVyes) hold for (L/K,g,t), then G(L)[¢>°] is finite for any commutative
algebraic group G over K of dimension < g.

(2) If both (pieo) and (AVs) hold for (L/ K, g), then G(L)ior i finite for any commutative algebraic
group G over K of dimension < g.

Proof. At first, we reduce a proof to the case where G is an abelian variety. By a structure theorem
of commutative algebraic groups (cf. [Br, Theorem 2.9]), the commutative algebraic group G lies
in an exact sequence

0—-MxU—-G—-A—=0

of group schemes over K. Here, M is a subgroup scheme of a torus, U is unipotent and A is an
abelian variety. Since U(L) is torsion free, we have exact sequences

0 — M(L)[£™] = G(L)[¢>®] = A(L)[¢®] and 0 — M(L)ior = G(L)tor — A(L)sor  (2.1)

of Gg-modules. The finiteness of M(L)[(>°] (resp. M(L)to) follows from (pge) (resp. (ftoo))-
Thus, to show the proposition, we may assume that G is an abelian variety.

In the rest of the proof, we assume that G is an abelian variety of dimension < ¢g and denote
G by A. We denote by g4 the dimension of A. We use a non-archimedian rigid uniformization
theorem of abelian varieties ([Ra], [BL] and [BX]); there exist the following data, which is called a
rigid uniformization of A (cf. [BX, Definition 1.1 and Theorem 1.2]):

(i) S is a semi-abelian variety of dimension g4 fits into an exact sequence of K-group schemes
0—T— S — B — 0 where T is a torus of rank m and B is an abelian variety which has
potential good reduction,

(ii) a closed immersion of rigid K-groups N®" < 52" where N is a group scheme which is
isomorphic to Z®™ after a finite base extension. Here, the subscript “an” is the GAGA
functor, and

(iii) a faithfully flat morphism S®* — A2" of rigid K-groups with kernel N?".
It holds that dim B < g4 < g and we have exact sequences
0— N(K)— S(K)— AK)—=0 and 0— T(K)— S(K)— B(K)—0

of Gg-modules (since “N — S — A” are rigid analytic morphisms, the exactness of the former
sequence might not be well-known; see the proof of [CX, Theorem 2.3] for this).



Proof of (1). Assume (pg~) and (AVy) for (L/K, g,¢). We have exact sequences
0— Vi(8)9r = V(AL - Q@7 N(K) and 0 — Vi(T)9F — Vi(S)9r — Vy(B)“r

of Gg-modules (here we recall that L is a Galois extension of K), where V;(x) stands for the
rational f-adic Tate module. By (=) and (AV) for (L/K,g,¢), we know that V,(T)%t and
Vy(B)€t are zero, respectively (here, we recall that the dimension of B is at most g). This gives
the fact that V;(S)%% is also zero. Hence we have an injection V,(A)%r — Qp ®7z N(K) of Gk-
modules. This shows that the Gx-action on V;(A)%t factors though a finite quotient. Hence there
exists a p-adic subfield K’ of L such that V;(A)t = V,(A)%=’. Since V;(A)®x’ is zero by the
main theorem of [Mat], we conclude that A(L)[¢>°] is finite.

Proof of (2). Assume (fio) and (AV) for (L/K,g). It follows from (1) that A(L)[¢>°] is finite
for all prime numbers ¢. Hence it suffices to show that A(L)[¢] = 0 for almost all prime numbers
¢ # p. Consider exact sequences

0— S(L)[{) = A(L)[() = N(K)/¢(N(K) and 0— T(L)[{] = S(L)[{] = B(L)[{]

of Gi-modules (again we recall that L is a Galois extension of K). It follows from (pe) and
(AV,) for (L/K, g) that T'(L)[{] and B(L)[{] are zero for any ¢ large enough, respectively (again,
we recall that the dimension of B is at most g), which implies S(L)[¢] = 0. For such ¢, we have
an injection A(L)[¢] < N(K)/{N(K) of Ggx-modules. Now we take a finite extension K'/K
so that N is isomorphic to a constant group Z®™ over K’. Then the existence of an injection
A(L)[{] = N(K)/{N(K) of Gg-modules shows A(L)[¢] = A(L N K')[{], which must be zero for
any ¢ large enough by the main theorem of [Mat]. O

Remark 2.3. In Proposition 2.2, the condition that L is a Galois extension of K is necessarily.
Let @ be a uniformizer of K and w, a p"-th power root of w such that wy = w and @w? | = w,
for all n > 0. We set L := K (wy;n > 0), which is not a Galois extension of K. We see that (i)
is satisfied for (L/K,g). It is a result of [KT] that (AV) also hold for (L/K,g). However, if we
denote by E the Tate curve over K associated with w, then E_(L)[p>] is infinite.

By considering Weil restrictions, we obtain a slight generalization of Proposition 2.2 in the case
g = o0.

Corollary 2.4. Assume that L is a Galois extension of K.

(1) If both (pee) and (AVye) hold for (L/K,g = 00,f), then G(M)[(>°] is finite for any finite
extension M /L and any commutative algebraic group G over M.

(2) If both (peo) and (AV) hold for (L/K, g = c0), then G(M )ior is finite for any finite extension
M/L and any commutative algebraic group G over M.

Proof. Let G be a commutative algebraic group over M. Let Go := Resy/(G) be the Weil
restriction. Then Gy descends to a commutative algebraic group over a p-adic subfield Ky in L/ K,
which we also denote by Go. Setting H := Resg,,x(Go), then H is a commutative algebraic
group over K and we have isomorphisms H (L) ~ [[, Go(L) ~ [[, G(M) where ¢ runs through all
K-algebra embeddings Ky < L. Now the results immediately follow from Proposition 2.2. O

3 Locally algebraic representations and the invariant J,

We recall standard properties of locally algebraic representations (cf. [Se], [Co, Appendix B]). We
also introduce an invariant J, for crystalline characters x. The keys in this section are Lemmas
3.3 and 3.9, which will be often used later.



3.1 Locally algebraic representations

Let k and F be p-adic fields and x: G — E* a continuous character. We often regard x as a
character of G&P. Let Arty: k¥ — G2 be the local Artin map with arithmetic normalization.
We define Qp-tori £* and E* to be the Weil restrictions of scalars k* := Res;, /0,(Gyp) and
E* = Resg/q, (Gm).

Definition 3.1. We say that x is locally algebraic if there exists a (necessarily unique) Q,-
homomorphism k™ — E* whose restriction to Q,-points agrees with x o Artj near 1.

Proposition 3.2. Let E(x) be the Q,-representation of Gy underlying a 1-dimensional E-vector
space endowed with an E-linear action by Gy, via x. Then, E(x) is Hodge-Tate if and only if x is
locally algebraic.

Proof. The result is a consequence of [Se, III, A.6, Corollary]. O

Assume that E(x) is Hodge-Tate. For any o € I'g, let xop: Iog — E* be the restriction to
the inertia I,g of the Lubin-Tate character associated with any choice of uniformizer of oF (it
depends on the choice of a uniformizer of o F, but its restriction to the inertia subgroup does not).
Then, taking a finite extension k' of kE large enough, we have

_ -1 ho
x= I 7" excs
o€l

on the inertia Ijs for some integer h,. We may assume that k¥’ contains the Galois closure k of
kE/Q,. Note that {hy | 0 € T'p} is the set of Hodge-Tate weights of E(x), that is, C ®q, E(x) ~
@oeryC(ho) where C is the completion of Q,. Thus h = hpy) = Y., cp, ho is the sum of all
Hodge-Tate weights of E(x). We also set h := [k : E]-h, which is the sum of all Hodge-Tate
weights of k(x). We denote by k, the definition field of x and put K, = Kk, for any p-adic field
K.

Lemma 3.3. Assume that x is locally algebraic and let the notation for x be as above. Let K and
F be p-adic fields and ¥: Gxg — F* a locally algebraic character such that the restriction of 1 to
an open subgroup of G, is trivial. We fix a lift u: @p — @p of each uw € I'y. If ky has a finite
residue field, then we have

h T

Hﬁow = Hﬁox

u€l; uely,
on an open subgroup of Giy. Here, 7 = ZTEF,; r for some Hodge-Tate weight v, of F(1).
Proof. Take a Galois extension K’/Q, so that all the properties below hold.
(i) K’ contains K, k" and the Galois closure of F/Q,,
(ii) ¢ is trivial on Gg; and

(iii) ¢ = Haerp o7t oxs on I where x,p is the restriction to I, (D Ik) of the Lubin-Tate
character associated with a uniformizer of o F'.

On the other hand, we have a decomposition O, = pio(E) x Vi, where ps(E) is the set of roots

Zg?@“

of unity in FE and Vg is an open subgroup of O which is isomorphic to . Replacing K’ by

a finite extension, we may assume that

(iv) x(Ik+) has values in Vg.



Note that x coincides with [[,cp, 07" o X", on I by (i) and the set {n, | o € T'p} is the
set of Hodge-Tate weights of F(¢). Put I% = Gal(K'?P/K"r), Igb = Gal(k**/k™), N’ =
Gal(K"" K} /K™") and N = Gal(k""k,/k"). Since ¢ restricted to G is trivial, ¥[s,, factors
through N’. We have the following commutative diagram.

~

(4

O X =~ Iab res N’ K'*
KIAMK/ K
lNrK//,; lres lres
X ~ Iéb res N ~X
Ok Al"t)'C k @p

Here, “Nr”, “res” and “Art” stand for the norm, the restriction and the local Artin map (with

arithmetic normalization), respectively. We claim that there exists a homomorphism 1&: N = @;
which makes the above diagram commutative. It follows from the condition (iv) that we may
regard N’ as a closed submodule of Vg via x. In particular, N’ is a sub Z,-module of Vi. By an
elementary divisor theory, we may identify Vg and N’ with @Ei}Qp]Zp and @EE;QP] p"iZ, for some
0 < n; < o0, respectively. Thus we see that there exists an extension Vg — @; of ¢: N' — K'*.
Moreover, it extends to some character O — @: . Composing this with y: N — O}, we obtain

the desired 1/3
We regard 1 as a character of Oy, via local class field theory. Then, we have

v(@) = [[ o ' Negrjor(@)e = [ o)™

o€lp o'€T e

for z € O, since K'/Q, is a Galois extension. Here, ny := ng, for ¢’ € T'gs. Then, it
follows from the existence of :shat we obtain HU’EFK, o'z~ )t = Ha’erK, o'z 1)
for z € OF, and 7 € Gal(K'/k). By [Oz, Lemma 2.4], we have n,, = n, for o/,p’ € T'xs

with o’|; = p'|z. For any o € T';, we define r, := n, for a lift ¢’ € I'xs of 0. Then we have
U(2) = [ er, 07 'Nrge, (7)™ for x € O, This implies that we have

= H o to X%" (3.1)

oel';

on Igs where yj is the restriction to I;(D Ik+) of the Lubin-Tate character associated with a
uniformizer of k. On the other hand, we have

h

et Tt T ron) ~ el 6o

oel'g o€l TEF;,T‘UEZI G'EFE

on Iy where /~zg = hU‘E for o € I';.
Recall that @: Q, — Q, is a lift of u € I'; and h=k:FE] Y very Mo We set 7 := Zaer,; To.
We remark that 7, is a Hodge-Tate weight of F'(1)) by definition. It follows from (3.1) and (3.2)

7 h
that we have Huel“,; ot = (HJEF,; o lo X;;) and Huerg Gox = (Haer,; o lo X/}) on Ik
Hence we obtain

h 7
H oty | = H Uox (3.3)
’U.EFE UEFE

on I/. Since the restriction of ¥ and y to GK;( is trivial and the residue field of k, is finite, the
equality (3.3) holds on an open subgroup of Gk. O



Remark 3.4. Suppose k = E is a Galois extension of Q, and x = x»: G — k> is the Lubin-Tate
character associated with a uniformizer = of k. The argument above shows Lemma 2.5 of [Oz]; if
1 is as in Lemma 3.3, then we have

v=T[ o onyr

o€l

on an open subgroup of G with some Hodge-Tate weight r, of F(¢). In fact, this follows
immediately from (3.1) and the assumption that the restriction of 1 to an open subgroup of Gj_
is trivial.

3.2 The invariant ¢,

We introduce a technical invariant for crystalline characters. The following observation of Conrad
plays an important role.

Proposition 3.5 ([Co, Proposition B.4]). Let E(x) be the Q,-representation of Gy underlying a
1-dimensional E-vector space endowed with a E-linear action by Gy, via x.

(1) E(x) is crystalline if and only if there exists a Qp-homomorphism Xag: k™ — E* such that
x © Arty, and Xag (0n Qp-points) coincides on O} .

(2) Let ko be the mazimal unramified subextension of k/Q, and put f = [ko : Qp]. Assume that
E(x) is crystalline and let xag be as in (1). (Note that E(x™"') is also crystalline.) Then, the
filtered ¢-module DE; (E(x™1)) = (Beris ®g, E(x™1))%" over k is free of rank 1 over ko ®q, E
and its ko-linear endomorphism ¢7 is given by the action of the product x(Arty(r)) 'X;é(ﬂ') e EX.
Here,  is any uniformizer of k.

Definition 3.6. If E(x) is crystalline and xaig is as in (1) of Proposition 3.5, then we set
by = x(Art(m)) - XL () € B,
Here, 7 is any uniformizer of k.

Note that d, is independent of the choice of 7 by Proposition 3.5 (1). We also note that we
have §,-1 = 5;1 by definition.

Example 3.7. Suppose kK = F and Y is the Lubin-Tate character x,: G — k* associated with a
uniformizer 7 of k. Then, the Q,-homomorphism y,ig: & — k™ corresponding to x is given by
x + z~'. Thus we have §, = .

Definition 3.8. Let K/Q, be a finite extension of residual extension degree fx and K/Q, the
maximal unramified subextension of K/Q,,. We denote by ¢k, : Ko — Ky the arithmetic Frobenius
of Ky, that is, the (unique) lift of p-th power map on the residue field of Kj.

(1) Let D be a g-module over Ky, that is, a finite dimensional Ky-vector space with ¢, -semilinear
map ¢: D — D. Then ¢/%: D — D is a Ko-linear map. We call det(T—y/% | D) the characteristic
polynomial of D.

(2) For a Qp-representation V of G, we set DX

ais(V) = (Bais ®q, V)&x | which is a filtered
p-module over K.

Lemma 3.9. Assume that x: Gy, — E* is crystalline. Let 0,, € E* be as in Definition 3.6. Let
k' and E' be finite extensions of k and E, respectively.

(1) a € Q, is a root of the characteristic polynomial of the filtered @-module DE.(E'(x™ 1)) over
K if and only if o = 7(8, )7 /% for some T € T'g.

(2) Assume that E' is a Galois extension of Q,. Let T' be a finite set of Q,-algebra homomor-
phisms Q, — Q,. Put X = [[scr @ o x™ for some integers ng. We regard X as a (crystalline)



character from Gy, to E'*. Then, any root of the characteristic polynomial of the filtered p-module

DE. (E'(x™1)) over k' is of the form
itk
< H 7'(‘&)“)

cris
T€lE

for some integers t, such that ZTGFE tr = Zaer ng. Furthermore, we can take each t, as a
non-negative integer if ng > 0 for any w € T'.

Proof. For any crystalline character ¢: Gj, — E’”, the set of roots of the characteristic polynomial

of the filtered p-module DY, (E' (1)) over k' is the fi /k-th power of that of the filtered p-module

DF. (E'(1)) over k. Hence it suffices to consider the case where k' = k.

(1) By Proposition 3.5, it suffices to show that « € @p is a root of the characteristic polynomial

of the multiplication-by-(1 ® d,) map on the kg-vector space kg ®g, £’ if and only if « is of

the form 7(d,) for some 7 € I'g. Since this characteristic polynomial coincides with that of

the multiplication-by-d, map on the Qp-vector space E’, the result immediately follows (cf. [Ne,
Proposition 2.6]).

(2) For crystalline characters x1, x2: Gr — E’¥, roots of the characteristic polynomial of D¥. (E’(x1x2))

Cris
is a product of those of DX (E’(x1)) and DE. (E’(x2)) since we have a surjection D*. (E’(x1)) ®k,
DF. (E'(x2)) = DF..(E'(x1x2)) induced from the natural map E’(x1) ®q, E'(x2) = E'(x1) @
E'(x2) = E'(xixz2). Therefore, it suffices to show that, for any Q,-algebra homomorphism
@: @, — Q,, any root of the characteristic polynomial of D¥; (E'(i o x™')) is of the form 7(dy)
with some 7 € I'g. Comparing traces of two Q,-representations E'(@ o x~') and E'(x™!) of Gy,
we see that the semi-simplifications of them are isomorphic to each others. Hence we may assume

that 4 = id. Therefore, the result follows by (1). O

4 Finiteness theorems for abelian extensions obtained by
crystalline characters

Let k and E be p-adic fields and x: Gy — E* a continuous character. We assume that x is
crystalline. We denote by £, the definition field of x and set K, := Kk, for any p-adic field K.
By definition, we have ker(x|c, ) = Gk, . The aim of this section is to give some finiteness results
on torsion points G(Ky )ior for commutative algebraic groups G over K, which are generalizations
of the main theorem of [Oz]. The invariant §, € E* for x defined in the previous section plays a
crucial role for our results. Let & be the Galois closure of kE/Q, and set d := [k : Q,].

Theorem 4.1. Let x: Gy — E* be a crystalline character. Assume that the following two condi-
tions hold.

(H1) The residue field of ky is finite.

(H2) The sum hg(y of all Hodge-Tate weights (with multiplicity) of the Q,-representation E(x)
18 not zero.

Furthermore, we consider the following conditions.

(W) Nrg/q, (9y) is a qx- Weil number of weight hE(X)J/c for some integer 1 < ¢ < d. If hpyy >0,
we furthermore have that Nrg,q,(6y) is an algebraic integer.

() q,;hE(X)NrE/QP (0y) is a Toot of unity.

(1) Assume that (W)’ does not hold. Then, the torsion subgroup A(K, )ior of A(Ky) is finite for
any p-adic field K and any abelian variety A over K with potential good reduction.

(2) Assume that neither (W)’ nor (u)’ holds. Then, the torsion subgroup G(Ky )ior of G(Ky) is
finite for any p-adic field K and any commutative algebraic group G over K.



Applying the above theorem to the case where & = E and y is the Lubin-Tate character
associated with a uniformizer of k, we can recover the main theorem of [Oz] with a slight refinement
for the weight of a Weil number. We remark that the condition hg,), > 0 appeared in (W) is
harmless since k, = k,-1 and (5;1 = 0y-1. If hg(y) is zero, we have

Theorem 4.2. Let x: Gy — E* be a crystalline character. Assume that the following two condi-
tions hold.

(H1) The residue field of ky is finite.
(H2) The sum of all Hodge-Tate weights (with multiplicity) of the Q,-representation E(x) is zero.

Then, the torsion subgroup G(Ky )ior of G(Ky) is finite for any p-adic field K and any commutative
algebraic group G over K.

4.1 Proof of Theorem 4.1

We show Theorem 4.1. Throughout this section, we assume the conditions (H1) and (H2) in the
theorem. We have x = ngrE a‘loxg‘ZE on an open subgroup of the inertia I, z for some integer A, .
Here, E is the Galois closure of E/Q,. Note that {h, | 0 € T'g} is the set of Hodge-Tate weights
of E(x). Thus h := hp(,, in the condition (H2) is equal to > . h,. We put h:=[k: E]-h. In
the rest of this section, we fix the choice of a lift 4: Q, — Q, for each u € I'.

Proof of Theorem 4.1 (1). Assume that A(K, )i is infinite. We may assume that A has good
reduction over K. Since K, has a finite residue field and the reduction map of A restricted to
the prime to p-part is injective, we see that the prime to p-part of A(K) )ior is finite. Thus our
assumption implies that A(K,)[p™] is infinite. This is equivalent to the condition that Vj,(A)#x
is non-zero. Since the G g-action on the dual (Vj,(A)%%x)Y of V,(A)“%x factors through an abelian
quotient, if we take a p-adic field F' large enough, we know that any irreducible non-zero G g-stable
F-submodule V of (V,(A)“*x)V ®g, F is 1-dimensional. We take such F so that it contains E
and it is a Galois extension of Q,. Let ¢: Gx — GLp(V) ~ F* be the character obtained by
the Gi-action on V. We note that V is crystalline and its Hodge-Tate weights are in {0, —1}.
Replacing K by a finite extension of itself and &, by (H1) and Lemma 3.3, we have

h T

H wo | = H Uox
u€el'y, u€el'y
~ . h
on G for some —d < 7 < 0 (here, we recall that d = [k : Qp]). We set { := (HUEF,; Qo ¢) =
(HUEFE ﬂ ° X) :
Let a be a root of the characteristic polynomial of the filtered ¢-module DE. (F(x™1)) over

cris

h 7
K. Since x has two decompositions (Huer,; o 1/)) and (HUEF,; Qo X) , we can study « from

h
two perspectives. First we focus on y = (HuEF,; 1) 1/)) . We consider the invariant é, € F* for

1. (Note that we have 0,-1 = 61;1 by definition.) It follows from Lemma 3.9 (2) (with “y := 4",
“E'|/E :=F/F”, “k' [k := K/K”) that « is of the form

a= H T(0y)°

Telp

for some integers s, such that > . s, = hd. Furthermore, Lemma 3.9 (1) shows that T(0p-1)isa

root of the characteristic polynomial of the filtered ¢-module DX, (F (1)) over K. Since F(y)) =V

cris

10



is a subquotient representation of V,(A)Y ®q, F', the element 7(d,-1) is also a root of that of the
filtered ¢-module DX, (V,,(A)Y) over K. The Weil conjecture implies that 7(5,-1) is a gx-Weil
integer of weight 1. Hence a™' = [ o, 7(dy-1)% is a gx-Weil number of weight hd. Note that

a~!is in fact an algebraic integer if h > 0 since we can take each s, as a non-negative integer in

this case. On the other hand, since x = (Huerfc U o X) , it follows from Lemma 3.9 (2) that « is

of the form
fr/k
o = ( H T(éx)tr>

7€l

for some integers ¢, such that }° . t, = #d. Hence we conclude that ™' = (T], cp, 7'((5X)_t*)fK/'c

is a qg-Weil number of weight hd, and thus o := [1,cr, 7(6y) 7" is a ¢-Weil number of weight
hd. If we denote by F the Galois closure of F /Q,, then we have

ETEFE(_tT) — —FCZ[E:E}_

Nrq,(@0) = Nrg g, (6)) Nrg/q, (dx)

On the other hand, Nrz ¢ (ao) is a g-Weil number of weight hd-[E:Q,]. Since h = [k : E]- h is
not zero by the assumption (H2), we obtain that 7 is not zero and Nrg/,q, (d) is a g-Weil number
of weight —#'h - [E : E]7'[E: Q,] = =7 'hd. Furthermore, Nrg/q,(0y) is an algebraic integer if
h > 0 since so is . This contradicts the assumption (W)’ O

Proof of Theorem 4.1 (2). By (1) and Corollary 2.4, it suffices to show that the set 1100 ([ ) is
finite for any finite extension K of k. Assume that oo (K,) is infinite for some finite extension
K of k. By the assumption (H1), we know that the prime-to-p part of e (K, ) is finite. Thus
the p-part of pioo (k) is infinite. This implies that K, contains all p-power roots of unity, that
is, the p-adic cyclotomic character x,: Gk — Q, is trivial on Gk, . Applying Lemma 3.3 and

h d
replacing K by a finite extension, we have (HuGF,; ﬁoxp> = (Huer,; ﬁox) on Gg. This

— d d
implies Xgh = (Huer,; U o X) on Gg. Set x := (Huer,; U o X) . The characteristic polynomial

of the filtered p-module DgiS(F(X;‘ZE)) over K has a unique root pdi‘fK/@p = qdhfr/k . As we have
seen in the proof of Theorem 4.1 (1), if « is a root of the characteristic polynomial of the filtered
(F(x™1)) over K, we have oo = ([T, cp,, T(éx)tf)fk/k for some integers ¢, such that

Yorery tr = d2. Since Xgh = x on G, we obtain

p-module DX

cris

fr/k B
( 11 r(éxw) = g,

7€l

Denote by F the Galois closure of E /Q,. Taking Nr /g, tO both sides of the above equality, we

have - N
Nr g g, (8,) PP Tk — glBColdhfacsi,

However, this contradicts the assumption that (1)’ does not hold. O

4.2 Proof of Theorem 4.2

We show Theorem 4.2. We assume the conditions (H1) and (H2) in the theorem. Replacing E by
a finite extension, we may assume that E is a Galois extension of Q,. Also, replacing k by a finite
extension, we may assume that £ contains F, k is a Galois extension of Q, and x = HaerE 071X%“
on Ij. Note that we have . h, =0 by (H2). Let k" be the maximal unramified extension of

k contained in k,. Since the residue field of k,, is finite, we know that &’ is a finite extension of k

11



and we have x(Gy/) = x(Ir). Furthermore, we see that k' is a Galois extension of Q, since k’/k
is unramified and k/Q, is a Galois extension. Hence, replacing k by a finite extension again, we
may assume X(G) = x(I). We regard x as a character of sz. Take a uniformizer 7 of k. Since
we have x(Gr) = x(I) and x = [[,ep, 07" o on Iy, there exists an element v € O;° such that

xoArty(r) = [ o 'Nrygyp().

oel'g

For any integer n prime to p, put m, = myn. Then 7, is an uniformizer of k. Let x, : Gk — k*
be the Lubin-Tate character associated with m,, and we set

ho
xno=|] IT 7 'oxn c G — kX

o€l \7€ly,7|g=0c

We regard xr, and x, as characters of sz. By definition, we have x,, o Arty(m) = yn. Since
> he = 0, we have

oel’'p %0
ho
Xn © Artg(m) = H H 7 (yn) = H 0_1Nrk/E(7n)h"
0€lg \rely,7|p=0c oely
- H ailNrk/E(’y)h” = x o Artg (7).

oel'g

Furthermore, we see Hrerk,r\E:a 1o X, = o ' o xg on I, and thus we obtain x, = x on Ij.
We conclude that x, = x on Gy by local class field theory. In particular, £, is a subfield of kr,
for every integer n prime to p. Since Nryq,(dy,, ) = Nry/q,(m) = n[k:QP]Nrk/Qp (7v), we can
choose n so that neither (W)’ nor (u)” in the statement of Theorem 4.1 for §, ~ holds. Therefore,
Theorem 4.1 shows that k, satisfies the desired property. This completes the proof.

5 The field K

We use the same notation k,m,¢,..., K as in the Introduction. In this section, we study some
basic properties of the field K. Furthermore, applying results in the previous section to Lubin-Tate
characters, we show theorems given in the Introduction. The theory of Lubin-Tate formal groups
plays a key role here. It may be helpful for the readers to refer [Iw], [La] and [Yo] for standard
properties of Lubin-Tate formal groups.

5.1 Formal groups and K

Let Fy = Fp(X,Y) € O[X,Y] be the formal Oy-module corresponding to ¢, and denote by
[]¢: Or — Endp, (Fy) the ring homomorphism corresponding to the Og-action on Fy,. Note that
we have 1], = ¢. We also note that, for any algebraic extension L of k, Fy(myz) = my is
equipped with an Oj-module structure via Fy, that is,  ® y := Fy(z,y) and a.x := [a]s(x) for
z,y € Fy(myp) and a € Of. By definition, k. is the extension field of k obtained by adjoining
all m-power torsion points of Fy. The isomorphism class of the formal O-module Fy depends
not on ¢ but on 7, and thus the field %k, is independent of the choice of ¢. It follows from local
class field theory that k, is a totally ramified abelian extension of k, and the composite field of
k. and the maximal unramified extension k"* of k coincides with the maximal abelian extension
k2P of k. The set Fy[n"], of m"-torsion points of F} is a free O /7" Ok-module of rank one and
T, := l&n Fy[m"], is a free Og-module of rank one. The Galois group Gy, acts on T by the Lubin-

Tate character xr: G — O . If we regard x, as a continuous character k* — k* by the local

12



Artin map with arithmetic normalization, then x, is characterized by the property that x,(7) =1
and x,(u) = u™! for any u € O;. For any a € mg, we denote by K, , the extension filed of K
obtained by adjoining to K all z € my such that ¢"(x) = a for some n > 1. We see that the field

K given in the Introduction is equal to the composite field of all Ky , for all a € mg.

Proposition 5.1. (1) K40 = Kk-.
(2) K does not depend on the choice of ¢. Thus the field K is determined by K,k and .

Proof. (1) The result follows immediately from the equation [7"]4(X) = ¢"(X).

(2) Take any ¢’ = ¢'(X) € O[X] with the property that ¢'(X) = X? mod 7 and ¢'(X) =
7X mod X?. Let Fy = Fyp (X,Y) € Ox[X,Y] be the formal Ox-module corresponding to ¢'. By
[La, Chapter 8, Theorem 3.1], there exists an isomorphism of formal Og-modules 6: Fy, = Fy.
This 6 is an element of X O;[X] and satisfies #(X) = X mod X?2. Note that there exists a unique
0=1 € XO[X] such that o=t =671 060 = X and 67! is an inverse of : F,, = Fjy. For the
proof, it is enough to show Ky o = Ky g(q) for any a € mg. Take any x € my such that ¢"(z) = a
for some n > 0. Put y = (x). Then, y € mz and we have

0(a) =00 ¢"(x) =00 [r"]s(x) = "]y o b(x) = [*"]s (y) = " (1).

Hence we have y € Ky g(4). Since 6~! is an element of O} [X], we have x = 6~ (y) € Ky 6(a)- This
shows Ky o C Ky g(q)- The converse inclusion Ky o D Ky g(q) follows by a similar argument. []

Example 5.2. Suppose K = Q, and m = p > 2. We check that the field K is just K((O)Y/?™).
Choosing ¢(X) to be (1 + X)P — 1, we see that K = K((1 + mg)/?™), which is a subfield of
K((O%)YP™). Take any integer n > 0 and any a,, such that « := of" is an element of 0. Since
p > 2, we have o = ((1 4 o) for some ¢ € pi4,—1 and o/ € my. Since p™-th roots of ¢ and 1+ o/
are elements of 4, 1 and Ky o/, respectively, we see a,, € K. This shows K((OX)YP™) K.

We set G := Gal(K/K) and H := Gal(K /Kk,). We often regard the Lubin-Tate character x
as characters of G ,G and G/H ~ Gal(Kk,/K).

Lemma 5.3. Let o € G. Assume that x (o) is a rational integer. Then we have oTo~! = 7Xx(7)
for any T € H.

Proof. For the proof, it suffices to show
oro lr = (g

for any 7 € H and o € my with ¢"(z) € mg for some n > 0. We set z(p) := pr © z for any
p € G. 1t is not difficult to check that z(p) € Fy[r"]s, z(p) & pzx(p~t) = 0 and [m]yz(r) Bz = 7™
for any m € Z. Furthermore, we note that G acts on Fy[n"]4 by xx, H acts trivially on Fy[n"],
and H is a normal subgroup of G. Therefore, we have

ootz =or(z D a(c™h)) = or(z© o (o))
=orzSoro tz(o) = o(z ® x(1)) © z(0)
=o0z(7) ® (cx 6 2(0)) = [Xx(0)]gpz(T) BT
= X () 1
as desired. O

In particular, we see that H is abelian since x|g is trivial. We study more precise information
about H in the next section.

The following two propositions are essentially shown by Kubo and Taguchi (cf. [KT, Lemmas
2.2 and 2.3]) but we include a proof for the sake of completeness.
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Proposition 5.4. Let E be a topological field and p: G — GLg(V) an continuous E-linear rep-
resentation of G of dimension n.

(1) There exists a integer m > 0 depending only on K/k, m and n such that H™ acts unipotently
onV.

(2) There exists a finite index subgroup H' of H such that H' acts unipotently on V.

Proof. (1) Take any 7 € H. Let A1,...,\, be the eigenvalues of p(7). Since xr: G — O} has an
open image, there exists an integer ¢ > 0 such that 1 4+ p¢ = x, (o) for some o € G. Note that
the choice of ¢ depends only on K/k and 7. By Lemma 5.3, we have p(c70~') = p(7)'*?". This
gives the equality {A1,..., A} = {)\%erc, o, AMP Y as multisets of n-elements. In other words,
the multiplication-by-(1 + p©) gives a permutation on the multiset {\1,...,\,}. Hence, for any
1 <i < n, there exists an integer 1 < r < n such that )\EHPC)T = )\;. If we denote by m the least
common multiple of integers (1 + p°)” — 1 for 1 < r < n, then we have A" = 1 for any . This
shows that 7 acts unipotently on V. Since m depends only on K/k, m and n, we obtained the
desired result.

(2) Since H is abelian, if we take a finite extension E’ of E large enough, the semisimplification of
the restriction of V ®g E’ to H is a direct sum of characters H — E’'*. It follows from (1) that
these characters have finite images. Thus the result follows. O

We denote by F,F,. and F the residue fields of K , Kk, and K , respectively. Note that F is a
finite field since k. /k is totally ramified. Let ¢ = ¢(K/k,m) be the minimum integer ¢ > 0 so that
1+ p' € x»(GKk) (such c exists since xr: Gx — O, has an open image).

Proposition 5.5. The residue field F ofIN( 1s finite. Moreover, the extension degree [ﬁ :F] is a
divisor of p°|Fr : F].

Proof. Take o € G such that 1+ p¢ = x,(0). By Lemma 5.3, we have 77" = oro~'77! € (G, G
for any 7 € H. On the other hand, the closure (G, G) of (G, G) in G is the Galois group Gal(K /M

where M is the maximal abelian extension of K contained in K. Thus we have H?" C (G,G)
Gal(K /M) C H. This gives natural surjections

~— —

H/H” — H/(G,G) = Gal(M/Kk,) — Gal(F/F,).

In particular, the Galois group Gal(ﬁ /F) is killed by p® and hence Gal(ﬁ/ F) is killed by p°f where
f = [F, : F]. Thus the surjection Z ~ Gal(F/F) —» Gal(F/F) factors through Z/p°fZ ~ Z/p° f Z.
This finishes the proof. O

Remark 5.6. (1) If p # 2 and K = k, then K/K is totally ramified. In fact, we have ¢ = 0 and
F,. = IF in this case.
(2) Let ek i, be the ramification index of K/k. Since k /k is totally ramified, we see the inequality

[Fr : F] < eg/p. Hence we obtain [IT? :F] < pegp-

5.2 The Galois group of K/Kk,

The goal of this section is to show the following.

Theorem 5.7. K is a ZE[K:Q”]—extension of Kky.

Since an extension of a p-adic Lie group by a p-adic Lie group is again a p-adic Lie group (cf.
[GW, Lemma 9.1]), we have

Corollary 5.8. I~(/K is a p-adic Lie extension.

Let ¢ = ¢(K/k, ) be the integer defined in the previous section.
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Corollary 5.9. The maximal abelian extension M of K contained in Kisa finite extension of
Kk,. Moreover, the extension degree [M : Kk;| is a divisor of plEQl,

Proof. We use the same notation as the proof of Proposition 5.5. By Theorem 5.7, we know that
H/HP" is of order p?lf@rl. Thus the result follows from H?" C Gal(K /M) C H. O

In the rest of this section, we give a proof of Theorem 5.7. Since K does not depend on the
choice of ¢ by Proposition 5.1, for the proof of the theorem, we may suppose that ¢ is a polynomial
of degree q. Let a € mg. For any integer n > 0, we denote by Ky ., the extension filed of K
obtained by adjoining to K all x € my such that ¢"(z) = a. In other words, Ky ., is the
extension filed of K obtained by adjoining to K all 7"-th roots of a in Fjs. Note that Ky 4, is a
Galois extension of K and we have Ky o, = K(an, Fy[n"]4). Here, a,, is any 7"-th root of a in Fy
(note that the set of the roots of ¢"(X) = a is just a, @ Fy[n"],). By definition, K, , is equal to
the composite field of all Ky, for all n.

Lemma 5.10. Let a,b € mg. We have Ky o = Ky, if any one of the following hold.
(1) ae b is torsion in F.
(2) a = [Ag(b) for some non-zero A € O.

Proof. (1) Let n > 0 be an integer and take any = € my such that [7"]4(x) = a. It suffices
to show that x is an element of Ky;. Taking any b, € my such that [7"]4(b,) = b, we have
[1"]¢(x © b,) = a & b. By the assumption, we have z & b, € Fy[n™]4 for some m large enough.
This shows that x is an element of Ky 4 m(C Kgp).

(2) It suffices to consider the cases where A € O) and A = 7.

Assume that A € O). Let n > 0 be an integer and take any = € mz such that [1"]4(z) = a.
We have [7"]4([A7!4(z)) = b and thus [A\7!]4(x) is an element of the maximal ideal of Ky .
Since [My(X) € Ok[X], we have z = [A|4([A\"1p(2)) € Kppn C Kpp. This shows Ky o C Kgp.
The converse inclusion K4, O Ky, follows by the same way.

Next we assume A = 7. It is not difficult to check that x € my satisfies [7"]4(z) = a for
n <m (resp. n > m) if and only if z & [7"]4(b) € Fy[n"]s (resp. S bp—p, € Fy[n"]y). Here,
by—m is an element of my such that [7"7 |4 (bp—m) = b. Thus Ky, is equal to K(Fy[n"]y)
(resp. K (bn—m, Fg[m™]4)). Now the result follows. O

Let a1, ...,a, be elements of Fj;(mg). We define a continuous homomorphism
@i GKk,r — T.,r

as follows: Take a system (agn)

(0)

Jn>0 in my such that a; ' = a; and [7r]¢(a§n+1)) = al(-n) for any n,

and define a homomorphism @E") : Grr, = Fyp|m"]4 by goin) (0) == a(az(-n)) o agn). We define ¢; to
(n)

Jn>0. It is not difficult to check that each @E"), and thus also ¢, is

(n)

independent of the choice of (a; ’)n>0. By definition, the extension field of Kk, corresponding to

the kernel of ¢; is Ky q,. We define a continuous homomorphism

be the inverse limit of (¢

o GKI@W — @gleﬂ

by ® = 1 @ - ® ¢,. Note that the extension field K¢ of Kk, corresponding to the kernel of ¢
is Kg.q, - K¢.a,, that is, the composite field of K¢ 4, n - Kg,a,,n for all n. Note that we have an
isomorphism

Fy(mpg) ~ O?[K:k] @ (a finite m-power torsion group)

of Og-modules.

Lemma 5.11. Assume that the images of a1, ..., a, in Fy(mpg)/(tor) generate the free Op-module
Fy(mg)/(tor) (thus r > [K : k]). Then, we have K = K.
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Proof. Let x € mg. It suffices to show Ky, C Kgo. Take Ai,..., A\ € Oy such that z ©
([Mlglar) @ -+ @ [Ar]e(ar)) is torsion. By Lemma 5.10 (1), we have Ky, = Ky, where y =
Alg(ar) ® -+ @ [Ar]g(ar). Thus we may assume x = y. For any n > 0 and any j € {1,2,...,7},

take aén) € my; such that [7r”]¢(a§”)) = a;. Set (™ = [A1]¢(a§")) RG] [)\r]¢(a$n)). Then
[7™4(x(™) = 2 and the set of 7"-th roots of = in Fy is (™) & Fy[r"],. Hence, we obtain

Kgum =K@, Fy[r™)y) € K(a{",...,a™, Fy[n"y) C Kpa, + Kpa, = Ko

for any n. This shows Ky, C Ko as desired. O
We say that ai,...,a, are linearly independent over Oy if no non-trivial linear combination
Soi_1Nile(a;) with A; € Oy, vanishes. We remark that, if ay, ..., a, are linearly independent over

Ok, then it implies r < [K : k].

Lemma 5.12. Assume that ay,...,a, are linearly independent over Oy.

(1) If Mipr+ -+ Ao =0 for A, ..., N € Ok, then we have \y = -+ = X\, = 0.
(2) The map ©: Ggp, — ®]_1Tx has an open image.

(3) Ko is a Z;?r‘[k:(@p]—extension of Kk.

To show this lemma, we use the following.
Lemma 5.13. The continuous cohomology group H'(Kk,/K,Ty) is finite.

Proof. Take a positive integer m large enough. We may suppose that the image of x.: Gal(Kk,/K) —
O contains 14+7"Oy,. Let K’ be the subfield of Kk, /K such that x.(Gal(Kk;/K')) = 1+7"O.
In particular, Kk, /K' is a Zl-extension where d := [k : Q). Take a subficld M in Kkr/K’' with
the property that Kk./M is a Z,-extension. Let o¢ be a topological generator of Gal(Kk,/M)
and ¢ the positive integer such that #=¢(xx(09) — 1) € O;. Now we consider the following exact

sequence
0— HY (M/K' TS Er/M)y _ gV ( Kk /K' T,)) — H (Kky/M,T,)

where T, := T, /7" Ty. For any n > ¢, we have
— H'(Kky/M,T,) ~ Ty /(00 — 1T,y = Ty /7T,y (cf. [Wa, §1]), and

B TEal(Kk,r/M) _ Tgozl — 7_‘_n—cfz"n.

In particular, p¢ vanishes H!(Kk,/M,T,) and TSal(Kk"/M) for any n. Thus we see that p2¢
vanishes p** H*(Kk,/K',T,). Since we have an exact sequence

0 — HY(K'/K, TS E*/KD)y s YKk, /K, T,) — H (Kky/K', T,),

we obtain the fact that p3¢ vanishes H'(Kk, /K, T;,). Since we have an isomorphism H'(Kk, /K, Ty) ~
lim HY(Kk,/K,T,) (cf. [NSW, Chapter II, Corollary 2.7.6]), we see that H'(Kk, /K, Ty) is killed
by p3¢. Hence the proof finishes if we show that H!(Kk,/K,Ty) is a finitely generated Z,-module.
We have an injection H(Kk,/K,T,)/pH'(Kk,/K,Ty) — H'(Kk,/K,T.) where e is the ramifi-
cation index of k/Q,. Since Gal(Kk,/K), isomorphic to an open subgroup of O, is topologically
finitely generated, we see that the set of continuous 1-cocycles from Gal(Kk,/K) to T, is finite.
Hence H'(Kk,/K,T.) is finite, and thus so is H' (Kk. /K, T:)/pH'(Kk./K,Ty). By [NSW, Chap-
ter II, Corollary 2.7.9], we obtain the fact that H!(Kk,/K,Ty) is a finitely generated Z,-module
as desired. O

Proof of Lemma 5.12. We follow the proofs of Lemmas 2.12 and 2.13 of [BGK].
(1) We define an Og-linear map &,: Fy(mg)/[m"]sFy(mg) — H'(Kkg, Fy[n"]4) to be the com-
posite of the Kummer map Fjy(mg)/[n"]Fs(mg) — H' (K, Fy[n™],) and the restriction map
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HY(K, Fy[n")y) — HY(Kky, Fy[r"]s). We have &, (a; mod [7"]Fs(mg)) = ¢\™. Since F,(mg)
is m-adically complete, by taking the inverse limit of (&, ),, we obtain a morphism

€ Fy(mpy) — HY (K, Ty) — H (Kky, Ty)

of Op-modules (here, we use [NSW, Chapter II, Corollary 2.7.6]). By definition, we have £(a;) = ¢;
for any i. By the equation A1+ -+ Ao, = 0, we obtain {([M]¢(a1)®- - -®[A]p(ar)) = 0. Since
the kernel of the restriction map H!(K,Ty) — H'(Kk,,T}) is isomorphic to H(Kk,/K,T,) and
this is finite by Lemma 5.13, we obtain that [A1]s(a1)®- - -®[A]¢(a,) is an torsion element of the O-
module F¢(mK). Since aq, ..., a, are linearly independent over Oy, we obtain \; =--- = A\, = 0.
(2) Put V =T, ®z, Qy = Tx ®o, k and W = @]_,;V. Then W is a semi-simple k[G i]-module
and its G'k-action factors through Gal(Kk,/K). Set M := Im(®) ®z, Q,. Since we have 7®(0) =
®(ror™!) for any 7 € Gk and o € Gk, , Im(®) is a Z,[G k]-stable submodule of &!_;T. (The
author does not know whether the Og-action on @f_; T, preserves Im(®) or not.) In particular,
M is a Qp[G k]-stable submodule of W.

We claim that M is a k-stable submodule of W. Put G, := xx(G ). This is an open subgroup
of GLo, (Tx) = OF and Z,[G] is a Z,-subalgebra of Endo, (Tx) = Ok. We see that Z,[G,] is
open in Oy (in fact, if we take m > 0 large enough so that 1 4+ 7Oy C G, then Z,[G] contains
7 0Oy). Thus we have Q,[Gr] = Endy(V) = k. Since Z,[G,]-action on &]_, T preserves Im(®),
the claim follows.

We show M = W. Assume that M is strictly smaller than W. Since W is semi-simple
as a k[Gk]-module, there exists a k[Gk]-stable submodule M; of W such that W = M & M.
By the assumption, we know that M; is not zero. Take an integer ¢ such that the projection
to the ¢-th component p;: W — V does not vanishes M;. Let n: W — V be the composite of
Op®idpy, : W =MeM;, - M®M; =W and p;. By definition, 7 is a morphism of k[G i ]-modules
and we have 1|y = 0 and 75|y, # 0. We denote by n;: V' — V the composite of the injection
V < W to the j-th component and 7. We see n(v) = >_i_, n;(v;) for any v = (v1,...,v,) € W.
Since n; € Endg(V), we may regard n; as an element of k. Then, we have n(v) = 22:1 n;v; for
any v = (v1,...,v,) € W. Since n|pr = 0, we obtain

an(s@j(U) ®1)=0

for any o € Gk, (here, we consider ¢;(0) ® 1 as an element of the tensor product T ®o, k).
Taking N > 0 large enough so that 7™¥n; € O, for all j, we have

Zﬂ’NT]j(pj(O') ®1=0.
j=1

Since the natural map T — V is injective, we obtain >77_, m¥n;p;(0) = 0. By (1), we have
aNp = =7Vn, =0, and thus 1, = --- = 1, = 0. This shows 1 = 0. This contradicts the fact
that M; is not zero and 7n|p, # 0. Therefore, we obtain M = W. Since both Im(®) and ®_, T
are Z,-lattices in W, Im(®) is open in &]_,T.

(3) Since we have Gal(Kg¢/Kk;) ~ Im(®), the result follows from (2). O

Proof of Theorem 5.7. The result is an immediate consequence of Lemmas 5.11 and 5.12. O

Remark 5.14. The author believe that, in Lemma 5.12 (2), the image of the homomorphism
®: Ggp, — @i_,T; should be stable under the Oy-action of @_,T5. If this is true, the Galois

group Gal(K /K) has a structure of O-modules, free of rank [K : k]. Moreover, Lemma 5.3 should
hold also for any o (without the assumption that x (o) is a rational integer).
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5.3 Proofs of Theorems 1.1 and 1.2

We show Theorems 1.1 and 1.2 given in the Introduction.

Proof of Theorem 1.1. Assume that there exist a finite extension L/ K and an abelian variety A
over L with potential good reduction such that A(L)i., is infinite. The goal is to check that
(k, ) satisfies (W) under this assumption. We remark that (W) in Theorem 1.1 coincides with
(W)’ in Theorem 4.1 for k¥ = E and x = x. (here, we recall that 6, = m; see Example 3.7).
Hence, by Theorem 4.1, it suffices to show that there exists a finite extension K'/K so that A
is defined over K’ and A(K'k,)[p>] is infinite. At first, we take a finite extension K;/K so
that L C Klfﬂ A is dgﬁned over K; and has good reduction over Kj. By the same method
as the construction of K from K,k,7 (and ¢), we define K; to be the filed corresponding to
Ky, k,m (and ¢). Clearly we have L C K, and thus A(I?l)tor is infinite. Since the residue field
of K is finite by Proposition 5.5, it follows from [Oz, Proposition 2.9] that the prime-to-p part
of A(K1)tor is finite. Thus A(K;)[p™] is infinite. If we denote by V,(A) the rational p-adic Tate
module of A, then the infiniteness of A(K;)[p>°] implies that V := Vp(A)Gf?l is a non-zero G, -
stable submodule of V,(A). We regard V as a representation of Gal(K;/K;). By Proposition 5.4
(with G := Gal(K;/K;) and H := Gal(K,/K1k,)), there exists a finite Galois extension K’/K;
in K;/K; such that H' := Gal(K;/K'k,) acts unipotently on V. Hence V' = V(A)Cxrkn s
non-zero, that is, A(K'k,)[p°°] is infinite as desired. O

Proof of Theorem 1.2. Assume that neither (x) nor (W) in the Introduction holds. By Corollary
2.4, for the proof of the theorem, it suffices to check (poo) and (AVy,) for (L = K/K,g = o).
The condition (AV,) is a consequence of Theorem 1.1. For (1), it suffices to show that the set
oo (L") is finite for any finite extension L’/L. Since the residue field of L’ is finite by Proposition
5.5, the finiteness of the set pp (L) for any prime number ¢ # p follows. Furthermore, we see that
L’ does not contain py if £ > qr. where gz is the order of the residue field Fr. of L’. In fact, if
L’ contains py, then Fy, contains the residue field of Q, (). Hence, taking f; > 0 the minimum
integer s such that p°* = 1 mod ¢, we have q;» > pf* > ¢ + 1. Finally, we show the finiteness of
the set pipoo (L'). Assume that pipes (L) is infinite. Then L’ contains k(gp). By [Oz, Lemma 2.7]
and the assumption that (u) does not hold, we know that kr N k(upe) is a finite extension of k.
Thus the extension k (pp)/kx is of infinite degree. It follows from local class field theory that the
residue field of k. (ppe) is infinite. Since L’ contains k. (up ), we obtain the fact that the residue
field of L’ is also infinite but this is a contradiction. Therefore, the set iy (L') must be finite as
desired. O

5.4 Proof of Theorem 1.3

We show Theorem 1.3. Assume that we have found a finite set Wa, = Wan(f, g; k) of g-Weil
integers with the property described in the theorem under the additional condition that G is an
abelian variety with potential good reduction. Assuming this, we show that the set

W:W(f,g;k) = Wab Uq - pip-1

satisfies the desired property. Assume that we have Nry q, (r) ¢ W. Let K be a finite extension

of k with fx < f. Take a finite extension L/ K. Replacing L by a finite extension, we may assume
that L/K is Galois. We consider (fio0) and (AV,) for (L/K, g). The condition (je,) follows from
the facts that ¢~ 'Nry, /0, () is now not a root of unity and any finite extension of K has a finite
residue field (see the proof of Theorem 1.2). Furthermore, the condition Nry g, (7) ¢ Wal, assures
(AV). Now the theorem follows from Proposition 2.2 (2).

In the rest of the proof, we show the existence of Wa, = Wan(f, ¢; k). First we consider the
case where k is a Galois extension of Q,. Let K be a finite extension of k with fx < f and A
an abelian variety over K, of dimension at most g, with potential good reduction. Suppose that
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A(L)tor is infinite for a finite extension L/IN( . Replacing K by a totally ramified extension, we
may suppose that A has good reduction over K (cf. [ST, §2]). The argument given in the proof of
Theorem 1.1 shows that there exists a finite extension K’/K with the property that Vj,(A)%x k=
is not zero. Let M be the Galois closure of K'k, over K, which is a finite extension of Kk,. Then
(V,(A)9M)Y is a non-zero crystalline representation of G with Hodge-Tate weights in {—1,0}.
Here, the notation “V” stands for the usual dual representation. By [Oz, Lemma 2.5] (or Remark
3.4), there exist finite extensions K'/K and E/Q, with K', E D k such that any Jordan-Holder
factor W of the E-representation ((V,(4)%")Y ®q, E)|c,. is of the form

W=EBx"), t=[[o " oxs (5.1)

el

for some integer 7, € {—1,0}. We fix a lift 5: @p — @p of each o € I';, and denote by I' the set of
homomorphisms ¢ such that r, = —1. We have ¥ = [[;cr 67" 0 xx and |I'| = Y ver, (—70). Let
a be a root of the characteristic polynomial of DX (W). Tt follows from Lemma 3.9 that « is of
the form

a=alm aq= H 7(m)t (5.2)

7€l

for some integers ¢, > 0 such that > . t- = > ;cp1 = > cp (—75). Since W is a subquo-
tient E-representation of (V,(A)9)Y ®g, E and (V,(A)%)Y is a quotient Q,-representation of
V,(A)Y, we know that a is a root of the characteristic polynomial of DX, (V,(A)Y). Since A has
good reduction over K, ais a fg//k-th power of some root § of the characteristic polynomial of
D (Vo(A)Y);

cris
o= plxx, (5.3)
By the Weil conjecture, 3 is a qx-Weil integer of weight 1. Set to := > . t, = >, (=70).
We have 0 < ¢y < [k : Q] since 7, € {—1,0}. Furthermore, we have t¢ # 0. In fact, if we assume
to = 0, then ¢, = 0 for any 7 and thus B7x//x = 1. However, this contradicts the fact that 3
is a qx-Weil integer of non-zero weight 1. By (5.2) and (5.3), we have a/% = (p* where ( is
a root of unity. Let T7 = T1(f,g) be the set of p-Weil integers = of weight at most f such that
[Q(z) : Q] < 2¢g. The set T is finite. Let k; = k1(f, g; k) be the extension field of k obtained by
adjoining T7. Then k; depend only on f,g and k. By the Weil conjecture, we have 8 € T7. This
in particular implies 3, ¢ € kq1. Taking Nry, /o, to the equality afx = B+, we obtain that

Nl"k/Qp (W)tofx [klrk]Nrkl/Qp (5)—)%

is a root of unity in Q,, that is, a (p — 1)-th root of unity. Since we have 0 < ¢ty < [k : Qp], the
existence of the desired set Wa, = Wap(f, g; k) now follows.

Next we consider the case where k is not necessarily a Galois extension of Q,. Set f) =
[ - ers/k - [ka : k]. For any finite Galois extension F/Q,, we already knows the existence of
Wab (f(x), 9; F'). We fix the choice of Way(f(x), g; F) for each such F'. Let Galy be the set of Galois
extensions F'/Q,, such that I D kg and [F : kg| < egg k- (If k/Q, is Galois, then we have f) = f
and Galy, = {k}.) We define

Wab = Wab(f, ;) == {z € Q| 2+ € Wab(f(k), g; F') for some F € Galy}.

Since Galy, is finite, the set Wy, is also finite. It suffices to show that W, satisfies the desired
property. Let K be a finite extension of k with fx < f and A an abelian variety over K, of
dimension at most g, with potential good reduction. Suppose that A(L)o, is infinite for a finite
extension L/ K. As explained above, we may assume that A has good reduction over K, and there
exists a finite extension of M/Kk, such that M is a Galois extension of K and V,(A)%™ is not
zero. The torsion subgroup A(M)ior of A(M) is now infinite. On the other hand, it follows from
[Oz, Lemma 2.8] that there exist ¥’ € Gal, and a uniformizer 7’ of k&’ with the properties that
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Nrys /i (n') = afe e and ky C kr.. Putting K/ = Kk, we have fx' < fx - [K': K] < fx - [k 1 k] <
f(k)- We denote by K’ the field corresponding to K’, k" and 7’ (cf. Proposition 5.1 (2)). Putting

L = MI?’, then L' is a finite extension of K’ and we have A(L)tor is infinite. Therefore, we
have Nry /g, (7') € Wab(f(k), 9; k). Since we have k" € Galy and Nry g, (7') = Nry /g, (m) w7k we
obtain Nry/q, (1) € Wan(f, g; k). This finishes the proof.
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