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Introduction

The aim of this thesis is to study a conjecture of Rasmussen and
Tamagawa ([RT]) which is related with the non-existence of certain
abelian varieties with constrained prime power torsion subgroups, and
to give some results on some variants of this conjecture. Problems of
non-existence or finiteness for isomorphism classes of various abelian
varieties have been studied by many mathematicians. As some famous
results on such problems, we know

e the Shafarevich Conjecture, proved by Faltings in [Fa], which
is as follows: there exist only finitely many isomorphism classes
of abelian varieties over a given number field, with polarization
of a given degree, which have good reduction outside given
places. Furthermore, Zarhin [Za] improved on Fartings’ result
by omitting the assumption about polarization. We may say
that this is an analogue of Hermite-Minkowski theorem (there
exist only finitely many isomorphism classes of number fields
with given degree and ramification set of places), which is also
famous number theoretic result.

e Fontaine’s theorem in [Fo2] by a study of ramification the-
ory. He showed that there exist no abelian varieties over the
rational number field with everywhere good reduction.

A conjecture of Rasmussen and Tamagawa is in the spirit of the
Shafarevich Conjecture. Rather than fixing a specific reduction type
for an abelian variety, they varied it in some special conditions and
placed an arithmetic constraint on torsion. More precisely, Rasmussen
and Tamagawa defined the set A(K, g, ¢) of g-dimensional isomorphism
classes of certain abelian varieties over K with constrained prime power
torsion. We can see easily that the set A(K, g, /) is finite by the Sha-
farevich Conjecture as above. Rasmussen and Tamagawa conjectured
that such a finiteness should hold if we take the union of these sets for
¢ varies over all primes.

CONJECTURE ([RT], Conjecture 1). The set
A(K, g) = {(A,0) | [A] € A(K, g,0), £ prime number}
is finite, that is, the set A(K, g, £) is empty for any prime ¢ large enough.

This conjecture is shown only in a few case in published papers, see
Theorem 5.5. Rasmussen and Tamagawa showed the conjecture in the
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8 INTRODUCTION

case where ¢ < 3 and K is a certain small number field. Under the gen-
eralized Riemann hypothesis, Rasmussen and Tamagawa proved this
conjecture (but it is unpublished, yet). We prove the following results
on variants of the Rasmussen-Tamagawa Conjecture (but statements
here are rough. See Chapter 6 and 7 for precise statements).

THEOREM. (1) (Corollary 6.15) There ezists a constant C' which
depends only on K and g such that the set

A(K, g,0) N {semistable reduction everywhere}

is empty for any prime number £ > C. In fact, we may take C' =

201 (299), where d is the extension degree of K/Q, dx the discriminant

of K and 01 := 2dg + 1.
(2) (Theorem 7.1) There exists a constant C" which depends only on K
and g such that the set

A(K, g,0) N {whose L-adic representation has an abelian image}

1s empty for any prime number ¢ > C.

Now we describe the organization of this paper. In Chapter 1 to 4,
we recall basic theories which we use in this paper. In Chapter 5, we
explain the Conjecture of Rasmussen and Tamagawa. In Chapter 6,
we prove the non-existence of certain Galois representations and prove
(1) of the above theorem. Finally in Chapter 7, we prove (2) of the
above theorem.
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tion of results on the Caruso’s paper [Cal] into my attention. It is
a pleasure to thank Yoichi Mieda for giving him useful advice about
the alteration theorem of de Jong. The author also wants to thank his
family for their warm encouragements. This work is supported by the
JSPS Fellowships for Young Scientists.



INTRODUCTION 9

Notation

Throughout this paper, we use the following notations:

e QQ : the rational number field.

e 7 : the ring of rational integers.
For any prime number /¢,

e QQ; : the f-adic completion of Q.

e 7, : the valuation ring of Q.
e [, : the finite field of /-elements.

For any field F, we choose an algebraic closure F' of F' and

e F*%P : the separable closure of F in F.
o G := Gal(F*P/F) : the absolute Galois group of F.

Except Chapter 3, we always use K to denote a number field, that
is, a finite extension of Q and

e K : the maximal abelian extension of K in K.
o G := Gal(K®/K) : the Galois group of K" over K.
e [i : the idele group of K.

For a finite place v of K,

e [, : the completion of K at v with integer ring O,.

o U, := O} : the group of units of O,.

e G, := Gal(K,/K,) : the absolute Galois group of K.

e [, C G, : the inertia subgroup of v.

e ¢, : the order of the residue field of v.
Fixing an embedding K — K, (or equivalently, choosing an extension
of v to K), we identify G, (resp. I,) with a decomposition group of K
at v (resp. an inertia subgroup of K at v).

For any scheme X over a commutative ring R and an R-algebra R’, we
denote the fiber product X Xgpec(r) Spec(R') by Xgr.






CHAPTER 1

Galois representations

In this chapter, we recall some basic notions of Galois representa-
tions. Throughout this chapter, we write K for a finite extension of

Q.
1. Definition
Let G be a Galois group.

DEFINITION 1.1. A Galois representation (defined over A) is a con-
tinuous homomorphism

p: G— GL,(A),

where A is some topological ring and n is a positive integer. Two Galois
representations p; and pe are equivalent (or isomorphic) if there exists
a matrix P € GL,(A) such that P~'p; P = py. We call n the degree
(or, dimension) of p.

Given such a thing, we can consider the free A-module A™ of rank
n together with a continuous action of G by defining o.m = p(o)m.
Conversely, given a finite free A-module M of rank n with a continuous
A-linear action of GG, we obtain a representation p as above by choosing
a basis for M. Changing the basis yields an equivalent representation.
Therefore, to give a Galois representation G — G L, (A) is the same as
to give a finite free A-module of rank n with continuous action of G.

DEFINITION 1.2. (1) A Galois representation p: G — GL,(A) is
called abelian if Tm(p) is an abelian group.
(2) A Galois representation p: G — GL,(A) is called potentially abelian
if p|y is abelian for some finite index subgroup H of G.

Clearly, any 1-dimensional Galois representation is abelian.

DEFINITION 1.3. A Galois representation is called Artinian if it has
finite image.

Let £ be a prime number and A a finite place of a number field E.
We denote by E) the completion of £ at A and ) the residue field of
A

DEFINITION 1.4. (1) If A is the field Q, (resp. E)), then a Galois
representation defined over A is called an (-adic (resp. A-adic) repre-
sentation.

11



12 1. GALOIS REPRESENTATIONS

(2) If A is the subfield of Fy, then a Galois representation defined over
A is called a mod ¢ representation. We call a Galois representation
defined over ) a mod X\ representation.

DEFINITION 1.5. For a Galois representation V' of G (defined over
A), put
VY := Homu(V, A)
and equip VY with the G-action defined by g¢.f(v) = f(g'.w) for
feVV,geGandveV. We call VV the dual of V.

REMARK 1.6. Let p: G — GLA(V) ~ GL,(A) be a Galois repre-
sentation (for certain basis of V'). Then we can choose a natural basis
of V'V such that corresponding representation p¥: G — GLA(VY) ~
GL,(A) is given by pY(g9) = (p(g)")~'. Here p(g)" is the transposed
matrix of p(g).

DEFINITION 1.7. (1) Let F' be a complete discrete valuation field
with valuation v, I the inertia subgroup of G and I, the wild inertia
subgroup of Gp, that is, the maximal pro-¢ subgroup of I where ¢
is the residue characteristic of v. Let p: Gp — GL,(A) be a Galois
representation. We say that p is unramified (resp. tamely ramified) if
plr (resp. p|z, ) is trivial. We say that p is wildly ramified if p is not
tamely ramified.

(2) Let p: Gx — GL,(A) be a Galois representation of Gk. Let v be
a finite place of K. Then we say that p is unramified at v (resp. tamely
ramified at v) if the restriction of p to G, = G, is unramified (resp.
tamely ramified). If p is unramified at v, the notion p(Fr,) € GL,(A) is
well-defined by a natural manner, where Fr, is the arithmetic Frobenius
of v. We say that p is wildly ramified at v if p is not tamely ramified
at v.

(3) Let p: Gx — GL,(A) be a Galois representation of Gi. Let S be
a finite set of places of K. We say that p is unramified outside S (or
away from S) if p is unramified at all finite places of K not in S.

ExXAMPLE 1.8. Suppose G = G, where F' is a field whose charac-
teristic is prime to £. For any positive integer ¢, we choose a primitive
0"-th root of unity (; in F' such that (fm = (yi. Then there exists an

integer a,(i) such that ¢((n) = Caf(l) for ¢ € Gr. Note that £ does not
divide a,(i). Since g(Cp+1)* = g(Cu), we obtain a,(i+1) = a,(i) mod ¢'.
Hence there exists a unique ¢-adic unit x¢(g) € Z, such that x,(g) =
ag(i) mod ¢ for all 4, and we obtain 1-dimensional Galois represen-
tation x¢: Gp — Z,, which is called an (-adic cyclotomic character.
The representation y,: Gp — F;* defined by x.(g) := (x¢(g) mod () =
(a4(1) mod /) is called a mod ¢ cyclotomic character.

Let E be a finite extension of Q and A a finite place of E above /.
The A-adic cyclotomic character x, and the mod \ cyclotomic character

¥ are characters Gp =5 Q, — E and G X F; — FY, respectively.
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If ' is a number field K, it is not difficult to check that x, and Yy,
are unramified outside ¢ and, for any finite place v of K not above ¢,
we have x,(Fr,) = ¢, and x,(Fr,) = (¢, mod ¢).

For any integer i, we denote by Z,(i) the Galois representation
of G which is Z, as a set and equipped with Gp-action defined by
g.x = Xi(g)xr. For any Galois representation V defined over a Z,-
algebra A, we put V(i) := V ®z, Z(i) and equip V(i) with a natural
Gp-action. We call V(i) the i-th Tate twist of V.

2. Geometric Galois representations
Let ¢ be a prime number.

DEFINITION 1.9. (1) An f-adic Galois representation p: Gx —
GL,(Qy) is called geometric if

(a) it is unramified outside a finite set of places of K;

(b) its restriction to every decomposition group G, (for v running
through all finite places of K) is potentially semistable in the
sense of Fontaine (for the places above p) and Grothendieck®
(for the places not above p).

(2) Let E be a finite extension of Q,. An E-representation of degree n
of G is called geometric if it is geometric as a f-adic representation of
degree n - [E : Q).

(3) Let E be an algebraic extension of Q;. An FE-representation V' of
degree n of G is called geometric if there exist a finite extension Ej
of £ in E, a geometric Fy representation Vj of G and an isomorphism
of E-representations I ®p, Vo ~ V.

By Grothendieck’s monodromy theorem, the condition (b) in (1) is
equivalent to say the condition (b)" below:

(b)" its restriction to decomposition group G, (for v running through
all finite places of K above /) is potentially semistable.

Let X be a proper smooth variety over K. Let H.(Xx,Q,) be
the (-adic étale cohomology group of X. Then HZ (Xg, Q) is a Q-
vector space of dimension b, (X ), where b,(X) is the r-th Betti number
of X(C). It is known that H (X, Q) has a natural Gg-action and
thus it is a Galois representation of Gx. For a finite place v of K such
that X, is a generic fiber of a proper smooth scheme over O,, it is
known that H (X g, Q) is unramified at v. Since there exists infinitely
many such v, we know that HZ (Xz, Q) ramifies only finitely many v.
Moreover, it is known that H (X, Q) is geometric, which is a deep
result of Tsuji [Ts2]. An irreducible Q,-representation of G is said
to come from algebraic geometry if it is isomorphic to a subquotient

LAn ¢-adic representation V of G is semistable at a place v not above £ if I,
acts on V unipotently. An f-adic representation V of Gk is potentially semistable
at a place v not above ¢ if some open subgroup of I,, acts on V' unipotently.
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of an étale cohomology group HZ (X g, Q.(7)) with coefficients in Q,(7)
for some integer i, of a proper smooth algebraic variety X over K.
The following amazing conjecture is well-known.

CONJECTURE 1.10. An irreducible (-adic representation of G is
geometric if and only if it comes from algebraic geometry.

The part of Conjecture 1.10 saying that irreducible “geometric” rep-
resentations “come from algebraic geometry” is known for irreducible
potentially abelian representations by the following well-known result
(however, we write this result without giving definition of some no-
tions).

PropoSITION 1.11 ([FM], Part 1, Section 6). Let p: Gx — G L, (Qp)
be a potentially abelian (-adic Galois representation of Gx. Then the
following are equivalent:

(1) p is locally algebraic (see Section 3).

2) p is Hodge-Tate at all finite places v above (.

) p is de Rham at all finite places v above (.

) p is potentially semistable at all finite places v above .

) p is potentially crystalline at all finite places v above {.

) p is geometric.

) p comes from CM abelian varieties (up to a finite image).

(
(3
(4
(5
(6
(7

3. Artin conductor

The Artin conductor is an invariant which measures the depth of
ramifications of Galois representations (cf. [Sel], Chapter VI or [Se2],
Chapter 19). Let F be a field. Let p: Gx — GL(V) ~ GL4(F) be a
Galois representation of a number field K with finite image. Here we
equip G Lg(F) with the discrete topology. We define its Artin conductor
N(p) as follows: Choose a finite Galois extension L over K such that
p factors through Gal(L/K) and define

N(p) = H pn(p,p)7
p

where p runs through the nonzero prime ideals of K not dividing the
characteristic of F' and, for each p,

(e 9]

p.p) = 3 i (V/V)

1=0

= / dimzV/VE du

1

where G; (resp. G¥) is the i-th ramification subgroup of Gal(L/K) in
lower numbering (resp. the u-th ramification subgroup of Gal(L/K) in
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upper numbering)? of the decomposition group of a prime of L lying
above p, and V& is the fixed part of V by the action of G;. If F is a
field of characteristic ¢, then the Artin conductor of p is said to be the
Artin conductor outside ¢. Since the ramification filtration in upper
numbering is compatible with taking quotients, the exponent n(p, p)
does not depend on the choice of L. It is known that n(p, p) is a non-
negative integer. It is clear that n(p, p) > 0 if and only if p ramifies at
p. Put
R - 1 ; Gi
sw(p,p) 1 = Z Go - Gi]dlmF(V/v )

=1
— / dimpV/ V& du.
0

Then p is wildly ramified at p if and only if sw(p, p) > 0. By definition,
if p is of dimension 1, we see that sw(p, p) is the minimal u > 0 such
that G* acts on V trivially.

ExXAMPLE 1.12 (1-dimensional case). Suppose that F' is a field of
characteristic £ > 0. Let p: Gx — F* be a representation of dimension
1 and p a prime ideal of K different from ¢. Let K, be the completion
of K at p. Denote by Up(o) the group of units of the integer ring O,
of K, and, for any positive integer u > 0, put Up(“) =14 p“. By
class field theory, we may regard p as a representation I — F* of the
idele group of K and may regard p|g, as a representation K, — [
of K,* where G, is a decomposition subgroup of G at p. By using the
Hasse-Arf Theorem, we see that n(p,p) is the minimal integer u > 0
such that p(U{™) = 1.

Furthermore suppose that F' is a subfield of F,. Let 91 = N(p) be
the Artin conductor of p outside £. Then we can show that the fixed
field of the kernel of p is contained in the strict ray class field of K of
conductor M(p)¢. This can be checked as follows: For any ideal a of
the integer ring of K, put U,(a) := ker(O,* — (Oy/a0,)*) and denote
by K(a) the strict ray class field of K of conductor a. Then U, (M) is
contained in the kernel of p for any prime ideal p of K different from
¢ by the last sentence of the first paragraph. Choose an integer m > 0
large enough such that p is trivial on U,(¢™) for any prime ideals p of
K above (. Then [, Uy(M™) x (KZ%)° C I is contained in the kernel
of p. Here (KX)° is the connected component of the identity of KX
where K, is the product of the completions of K at the archimedean
places. Class field theory says that p: Gx — F* must factor through
Gal(K(Ou™)/K). Since F* is prime-to-¢, p in fact factors through
Gal(K(MY)/K).

2In particular, for a chosen prime of L lying above p, G_; = G~ is the decom-
position group, Gy = G is an inertia subgroup and G; is a wild inertia subgroup.
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Let p be an abelian and semisimple representation of G of ar-
bitrary dimension, then the fixed field of the kernel of p is in fact
contained in the ray class field of conductor 9(p)f. Indeed, such a
representation p is isomorphic to a direct summand of 1-dimensional

representations over [Fy by Schur’s lemma?.

4. Compatible systems

Let E be a finite extension of Q. For a finite place X of E, we denote
by ¢y the prime number below A, F) the completion of £ at A\ and ),
the residue field of A. We denote by F) the completion of E at a finite
place A of E. Let S be a finite set of finite places of K and T a finite
set of finite places of E. Put S, := SU{places of K above ¢}. A repre-
sentation p: Gx — GL,(FE)) is said to be E-rational with ramification
set S if p is unramified outside S, and the characteristic polynomial
det(T — p(Fr,)) of Fr, has coefficients in E for each finite place v ¢ S,
of K, where Fr, is an arithmetic Frobenius of v.

Now we give definitions of compatible systems of A-adic (resp. mod
A) representations, which mainly follows from that in [Kh1] and [Kh2].
An E-rational strictly compatible system (py)x of n-dimensional \-adic
representations of G with defect set T' and ramification set S, consists
of, for each finite place A of E not in 7', a continuous representation
Pr: GK — GLn(E,\) that is

(i) pa is unramified outside Sy, ;

(ii) for any finite place v ¢ S of K, there exists a monic polynomial
fo(T) € E[T] such that for all places A ¢ T of E which is
coprime to the residue characteristic of v, the characteristic
polynomial det(T" — py(Fr,)) of Fr, is equal to f,(T).

An E-rational strictly compatible system (px)x of n-dimensional mod A
representations of G with defect set T and ramification set S, consists
of, for each finite place A of E not in 7T, a continuous representation
pr: Gxg — GL,(Fy) that is

(i) pa is unramified outside Sy, ;

(ii) for any finite place v ¢ S of K, there exists a monic polynomial
fo(T) € EI[T] such that for all places A ¢ T of E which is
coprime to the residue characteristic of v, f,(7T) is integral at
A and the characteristic polynomial det(T — py(Fr,)) of Fr, is
the reduction of f,(7") mod .

We will often suppress the sets S and T' from the notations.

ExAMPLE 1.13. Let X be a proper smooth variety over K. Let
Vi = HL (X%, Q)Y be the dual of the ¢-adic étale cohomology group

H (X%, Q) of X. Then the system (V}), is a strict compatible system

31t follows from Schur’s lemma that an irreducible abelian representation of a
finite group defined over an algebraically closed field is of dimension 1.
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whose defect set is all prime numbers and ramification set is the set
of finite places v of K such that X has bad reduction at v. This fact
follows from the Weil Conjecture which is proved by Deligne (cf. [Del],
[De2].

It is conjectured that every FE-rational strictly compatible system
arises motivically.

CoNJECTURE 1.14 ([Kh1], Conjecture 1). Any E-rational strictly
compatible system of \-adic (resp. mod \) representations arises mo-
tivically?*.

CoNJECTURE 1.15 ([Kh1], Conjecture 2). Let (py)x be an E-rational
strictly compatible system of mod A\ representations with defect set T’
and ramification set S.

(1) (Lifting) It lifts to ( i.e., is the reduction up to semisimplification
of ) a strictly compatible system of semisimple A-adic representations.
(2) (Bounded conductor) It is of bounded Artin conductor (the defini-
tion of this notion is below).

(3) (Purity) Assume that py is irreducible for almost all . Then the
roots of f,(X) for finite places v not in S are of absolute value ¢, with
respect to all embeddings of Q in C, and for an half integer t that is
independent of v.

(4) (Integrality) (px@ XY )a is integral where Xy is the mod X\ cyclotomic
character and m s some integer.

Because of known properties of Galois representations which arise
from geometry, one expects that Conjecture 1.14 implies Conjecture
1.15. These conjectures hold for abelian semisimple strictly compatible
systems (see Theorem 1.21).

An inertial level £ of K is a collection (£,), of open normal sub-
groups £, of I, for each finite place v of K such that £, = I, for almost
all v. An inertial level £ of a geometric \-adic representation py of Gk
is the collection (£,(py)), of open normal subgroups £,(py) of I, for
each finite place v of K, where £,(p,) is the largest open subgroup of
I, such that the restriction of py to £,(p,) is semistable. By definition,
we have £,(pn) = I, for almost all v. A compatible system (py), of
geometric A-adic representations of Gk has a bounded inertial level if
there exists an inertial level £ = (£,), such that £, C £,(p) for all A
and v. A A-adic representation p, is E-rational with Frobenius weights
wy, Wa, . . ., Wy, outside S if py is F-rational with ramification set S and
for all finite places v ¢ Sy of K, the complex roots of the character-
istic polynomial det(7" — p(Fr,)) of Fr, (, for a chosen embedding of

“In the article [Kh1], Conjecture 1.14 (in this paper) is written only for E-
integral mod A representations. However, we may extend this condition “FE-integral”
to “E-rational” by Conjecture 1.15, and it is not difficult to see that “mod A case”
implies “A-adic case”.
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E into C,) have their complex absolute values gu? qu? g ?
where g, is the cardinality of the residue field of v. A strict compati-
ble system (py), is said to be E-rational strict compatible system with
Frobenius weights wy,ws, ..., w, if each p, is F-rational with Frobe-
nius weights wy, ws, . . ., w, outside a ramification set of (py),. We call
wi, Wa, . .., w, the Frobenius weights of p) (resp. (px)r) and py (resp.
(pr)a) is said to be pure if w; = wy = - -+ = w,. Finally, a compatible
system (py)a of geometric A-adic representations of G has bounded
Hodge-Tate weights if there exist integers a and b with a < b such that,
for any A and finite place v of K above ¢, all the Hodge-Tate weights
of plg, viewed as a Q-representation are in [a, ).

Finally, a compatible system (py), of mod A representations of Gk
is of bounded Artin conductor if there exists an ideal 9t of K such that,
for any A, the Artin conductor of p, divides .

5. Locally algebraic representations

We recall Serre’s theory of locally algebraic Galois representations
[Se3| (see also [Ri]).

Suppose that E is an algebraic number field (of either finite or
infinite degree over Q). We denote by FE) the completion of E at a
finite place A of E. Let S be a finite set of finite places of K and T a
finite set of finite places of E. Put S, := S U {places of K above (}.
Let ¢ = ¢, be the prime number under a finite place A\ of E. Let
T = Resk/(G) be the torus over Q obtained from the multiplicative
group G,, over K by restriction of scalars to Q. We write T)g, for
the base change T'®q E). Let Ky := K ®g Qp = va K,, and regard
its multiplicative group as a subgroup of the idele group Ix of K.
Note that K, = T)g,(Q¢) C T/, (Ex). An abelian representation
p: G — GL,(E\) may be thought of as a representation of I by
means of class field theory. Now p is said to be locally algebraic if there
exists a morphism r: Ty, — GLy, g, of algebraic groups defined over
E\ such that

plx) =r(z™")
for all x € K close enough to 1. For any finite extension L of K,
p is locally algebraic if and only if p|g, is locally algebraic. For a
potentially abelian representation p: Gx — GL,(E)), we say that p is
locally algebraic if p|¢, is locally algebraic where L is a finite extension
of K such that p|g, is abelian.

Let m = (my)vesm) be a modulus of K, that is, a family of positive
integers m, for v in a finite set S(m) of finite places of K (we set
my, =0 if v ¢ S(m)). We say that m is a modulus of definition for an
abelian locally algebraic representation p if:

(1) p is trivial on U,y for each v € S(m) with v { ¢; and
(2) p(z) =r(z7") for z € Upp.
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Here, U, is the group of units v of K such that © = 1 modulo the
m,-th power of a uniformizer of K¢ if v is a finite place (resp. it is the
connected component of K¢ if v is an infinite place), Uy = Hv| 0 Unm,
and r: Tyg, — GL,/g, is as above. An abelian representation p is
locally algebraic if and only if p is geometric in the sense of Fontaine-
Mazur ([FM], Section 6, Proposition). More precisely, an abelian rep-
resentation p is locally algebraic with a modulus m if and only if it
becomes semistable when restricted to Up .

Put Uy := [, Upm (v runs through all the places of K), I, :=
Ik /Uy and Ty, the quotient of T" by the Zariski closure of K* NUy,. Let
Cn = Ix/(K*Uy) be the ray class group of K of modulus m. Then
there exists a commutative algebraic group S, over Q which satisfies
the following properties:

there exist an exact sequence

12Ty — Sa—Ch—1

and a group homomorphism e: I, — Su(Q) which make a following
diagram commutative:

1 ——= K*/(K* N Uy) I Chn 1

| ;
1 Tu(Q) Sa(Q) —> Cp —> 1.

An algebraic homomorphism ¢: S, — GL, over E induces a \-
adic representation ¢,: Gx — GL,(E)) as follows: Denote by «, the
composite map

Ik = T(Qp) = Tw(Qr) = Su(Qr) = Su(Eh),

where the first arrow is the projection of I to its ¢-th factor K, =
T(Qy) and the latter three arrows are canonical maps. Regarding e
as a map Ix — Sp(E)), it is not difficult to check that e = «a) on
K*. Therefore, putting e, := 50'4;1, we see that ex: [x — Sn(E))
factors through I /K* and, by class field theory, ) defines a map
Ex: G‘}}? — Su(Fy). Now we denote by ¢, the composite map

G D Su(Ex) 5 GL4(Ey).

By construction, ¢, is abelian, semisimple, locally algebraic and FE-
rational with ramification set S(m). Moreover, (¢,), is an E-rational
strict compatible system of abelian semisimple \-adic representations
with empty defect set and ramification set S(m) ([Sed4], Section II,
Section 2.5, Theorem or, [Ri], Proposition (1.4.4)).

THEOREM 1.16 ([He], Théorem 2). Let E be a finite extension of
Q and X a finite place of E. Then any E-rational abelian semisimple
A-adic representation py: G — GL,(FE)) is locally algebraic.
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THEOREM 1.17 ([Ri], Theorem (MT 1)). Let E be an algebraic ex-
tension of Q and X a finite place of E. Then any E-rational abelian
semisimple locally algebraic A-adic representation py: Gx — GL,(E))
with a modulus of definition m arises from a unique semisimple repre-
sentation ¢: Sy — GL, over E.

6. Hecke characters

In this section, we recall the construction of a Galois representation
arising from a Hecke character. We denote by (KX)? the connected
component of the identity of the product of the completions of K at
the archimedean places and ¢ complex conjugation. For any z € C,
denote by z the complex conjugation ¢(z) of z.

DEFINITION 1.18. A Hecke character is a continuous homomor-
phism ¢: Ix/K* — C* such that

o) = ] o T wweaie (o
o real o complex
for integers n,,n., and with x, the components of x. We say that
the tuple of integers (n,), is the infinity type of ¢, and say that v is
unramified at a finite place v if the units U, at v are in the kernel of
1. The conductor of ¥ is the largest ideal 91 such that elements of the
finite ideles 1(>) congruent to 1 mod 91 are in the kernel of 1.

Now we construct a representation ¢, from a Hecke character 1. We
want to use class field theory: G52 ~ I /K*(KX)Y, where K> (KX)o
is the topological closure of K*(KX)".

Let ¢ be a prime number. Let vy: Ix — C* be a homomorphism
defined by

volw) =v(x) [] =7 [ w77z,
o real o complex
then its kernel is open and takes values in a sufficiently large subfield
E of C which is a finite extension of Q°, and thus we may regard 1 as
a continuous representation I — E*. By definition, this character v
factors through the quotient Ir/(KX)°, however, vy is not trivial on
K*. Thus we modify 1y by changing the image of the (-part K :=
(K ®g Q¢)* =~ [, K of Ix. Suppose that E contains the Galois

closure of K and take any finite place A of E above ¢. Let n: K* —

5This can be checked as follows: Since v is continuous, there exists an open
subgroup U of Ik such that ¢ factors through I /U. It is known that the image
of I /U in the idele class group Ix/K* of K is finite. Denote by X a set of
representative of Ix /UK*, which is a finite set. If z € U - K*, then tg(z) has
values in the Galois closure K% of K by definition of a Hecke character. On the
other hand, since X is finite, there exists an integer ¢ such that, for any = € X,
xtisin U - K* and thus ()" has values in K%, Thus ¢y(X) is contained in a
finite extension £ of K%, Therefore, the image of ¢ is contained in E.
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E{ be the homomorphism defined by n(z) = [[, o(z)" and extend
n to ne: (K ® Q) — EY. From this 7, we obtain a continuous
homomorphism ¥, := ¥y - (m, 0 o), where ay: Ix — (K ® Qp)* is
the projection. Using the isomorphism of class field theory G2 ~
I /K*(KX)% we obtain a continuous character ¥y : Gxg — EY.

Since 9y is continuous, we know that 1, has values in the group of
units of Fy and thus we obtain a mod ) representation 1y : Gx — FX
where [y is the residue field of ).

Denote by 7, a uniformizer of K, for any finite place v.

PROPOSITION 1.19. Let the notation as above.
(1) o is unramified away from the conductor M of 1. Moreover, 1y is
trivial on ker(U, — (O,/n0,)*) for any place v of K away from {.
(2) For any finite place v away from N and ¢,

UA(Fry) = Ya(my) = P(my) = Yo(m) € E.

In particular, ¥\(Fr,) is independent of the choice of X\ and has values
mn b

(3) The system (Y¥\)x forms an E-rational strictly compatible system
of 1-dimensional A\-adic representations of G with bounded conductor
and bounded Hodge-Tate weights.

(4) The system () forms an E-rational strictly compatible system of
1-dimensional mod X\ representations of G with bounded Artin con-
ductor. In fact Artin conductor of 1y is bounded by the conductor of

.

PrOOF. The assertions (1) and (2) follows directly from the con-
struction of a representation arising from a Hecke character. The
boundedness of the conductor The assertion (3) follows from the ex-
istence of the conductor of a Hecke character and the boundedness of
Hodge-Tate weights follows from the equation (%) in Definition 1.18.
The assertion (4) follows easily from the definition of the conductor of
a Hecke character and Example 1.12. O

In the case of 1-dimensional representations, Proposition 1.11 is
written as follows.

PROPOSITION 1.20. Let ¢: G — E5 be a 1-dimensional A-adic
representation. Let € be a residual characteristic of . Then the fol-
lowing are equivalent:

(1) 9 is locally algebraic.

arises from a Hecke character.

1s Hodge-Tate at all finite places v above (.

1s de Rham at all finite places v above .

s potentially semistable at all finite places v above L.

is potentially crystalline at all finite places v above (.
comes from CM abelian varieties (up to a finite image).

(2) ¥
(3) ¥
(4) ¥
(5) ¢
(6)
(7) ¥
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Khare proved in [Kh2] that every FE-rational strictly compatible
system of abelian representations arises motivically.

THEOREM 1.21 ([Kh2], Theorem 2 and Corollary 1). An E-rational
strictly compatible system of abelian semisimple A-adic (resp. mod \)
representations of G arises from n Hecke characters.

COROLLARY 1.22. (1) An E-rational strictly compatible system (px)x
of abelian semisimple \-adic representations of Gk has bounded inertial
level and bounded Hodge-Tate weights.

(2) An E-rational strictly compatible system (px)x of abelian semisimple
mod X\ representations of G is of bounded Artin conductor.

PROOF. By Theorem 1.21, such (p,), arises from Hecke characters.
Hence the Proposition follows from standard properties of a represen-
tation arising from Hecke characters (cf. Proposition 1.19). U



CHAPTER 2

Tame inertia weights

In this chapter, we recall the definition of the tame inertia weights
(cf. [Sed], Section 1) and Caruso’s work on the tame inertia weights
of a residual representation of a semistable Galois representation (cf.
[Cal]). Furthermore, in the last section, we consider the relationship
between classical polygons (that is, the Hodge polygon and the Newton
polygon introduced in [Fol]) and the tame inertia polygon (which is
proposed in [CS]).

In this chapter, we write K for a complete discrete valuation field of
characteristic zero with perfect residue field k of positive characteristic

p.

1. Definition of tame inertia weights

We denote by [ the inertia subgroup of G, I, its wild inertia
subgroup and [, := [I/I, the tame inertia group. Let V be an h-
dimensional irreducible F,-representation of I and fix an algebraic clo-
sure k of k. We denote by FF,, the algebraic closure of F, in k and F,n the
finite subfield of F, with p"-elements. Since V is irreducible and I, is a
normal subgroup of I, the action of I on V factors through I, and thus
we can regard! V as a representation of I;. Applying Schur’s lemma, we
see that E := Endy, (V) is the finite field of order p". Moreover, the rep-
resentation V inherits a structure of a 1-dimensional E-representation
of I; by a natural manner. This representation is given by a character
p: I, = EX. Choose any isomorphism f: E — [F,» and consider the

composition ps: I, % EX EN F;h:
Py
//\;
I \ Iﬁj 7 F;h.
~ GL(V) = Endg, (V)*

Denote by p,n_1(K) the set of (p" — 1)-st roots of unity in an
algebraic closure K of K. Consider the isomorphism pn_(K) ~ F,

ISince I,, is normal in I, we see that Vv is stable under the action of I. By the
irreducibility of V', we have that V'» is 0 or V itself. Since I, is pro-p, VIi» =V
and this implies [, acts on V trivially.

23
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coming from the reduction map O — k, where Of is the integer ring
of K. Then a fundamental character of level h is given as follows:

On: Iy = ppn 1 (K) = F .

o L
Ui

Here 7 is a (p" — 1)-st root of a uniformizer of K. It is easy to

check that 0,1L+p+"'+ph_1 = 0, QZh_l = 1 and, with respect to h embed-
dings F,» — [, all the fundamental characters are given by 6, 0(:=
0n),0n1,0h2,...,0hn—1, where 0),; = «921.71 for 0 < i < h—1 and
Ono = 0} 1 1t is known that 6F coincides with the mod p cyclotomic
character ([Se4], Section 1.8, Proposition 8). Since I; is pro-cyclic and
Im(6,) = ]F;h, there exists an integer ny € {0,1,...,p" — 2} such that
Py = sz. If we decompose n; = ng + nyp + nep? + -+ + np_1p" !
with integers 0 < n; < p — 1 for any ¢, then we can see that the set
{ng,n1,na,...,np_1} is independent of the choice of f.

DEFINITION 2.1. We call these numbers ng,nqi,ns,...,n,_1 the
tame inertia weights of V. In general, for any [F,-representation V'
of I, the tame inertia weights of V' are the tame inertia weights of all
the Jordan-Holder quotients of V.

EXAMPLE 2.2. Suppose that k is algebraically closed. Let F be an
elliptic curve over K with semistable reduction. If E has supersingular
reduction, assume e = 1. Then the tame inertia weights of E|[p| are 0
and e (cf. [Sed], Section 1, Proposition 11 and 12).

DEFINITION 2.3. Let V be a p-adic representation of Gx. The
tame inertia weights of V' are the tame inertia weights of a residual
representation of V|;.

The above definition is independent of the choice of a residual rep-
resentation of V' by the Brauer-Nesbitt theorem.

DEFINITION 2.4. Let w be an integer with 0 < w < p—1and V be
an n-dimensional p-adic representation of Gg. Denote by w; < wy <
.- < w, all the tame inertia weights of V. We say that V' is of uniform
tame nertia weight w if wy = wy = -+ = w,, = w.

2. Filtered (p, N)-modules

We recall the theory of classical filtered (¢, N)-modules, which clas-
sify semistable p-adic representations of G .

Let W(k) be the ring of Witt vectors of k and ¢ the Frobenius
automorphism on k and W (k). Put Ky := Fr(W(k)).

DEFINITION 2.5. A filtered (@, N)-module is a finite dimensional
Ky-vector space D endowed with
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e a Frobenius semilinear injection ¢: D — D.

e a Ky-linear map N: D — D such that Ny = ppN.

e a decreasing filtration (Fil'Dg)iez on D := D @, K by K-
vector spaces such that Fil'Dy = Dg for i < 0 and Fil'Dy =
0 for « > 0.

We denote by MF(p, N) the category of filtered (o, N)-modules?.
The morphisms in MF(p, N) are Ky-linear maps that preserve a filtra-
tion and commute with ¢ and N.

Let D be a filtered (o, N)-module. Put tz (D) := >, i-dimg,gr' Dy,
where gr' Dy = Fil'Dg / Fil'"' Df. For a rational number «, denote by
D,, the slope a part of D associated with the action of the Frobenius
of D. If k is algebraically closed and if & = r/s with r;s € Z,s > 1,
then D, is the sub Ky-vector space generated by d € D such that
©°(d) = p"d. We can check D = @®,cqD,. It can be seen ad, € Z,
where d,, := dimg,D,. We put tn(D) =), o a - dimg,D,.

DEFINITION 2.6. A filtered (¢, N)-module D is called weakly admis-
sible if ty(D) = tn(D) and for any filtered (¢, N)-submodule D' C D,
ty(D") <tn(D').

We denote by MFY (¢, N) the full subcategory of MF (¢, N) whose
objects are weakly admissible filtered (¢, N)-modules.

Let V be a p-adic representation of Gx. Put Dy (V) := (Bg ®q,
V)95 and Dy (V)x = Dy(V) @k, K, where By is Fontaine’s p-adic
period ring (cf. [Fo3]). Then Dg (V) is a finite dimensional K, vector
space and dimg, Dy (V) < dimg,V. We say that V' is semistable if
dimg, Dy (V) = dimg, V. We equip Dy (V) with a structure of a fil-
tered (¢, N)-module by a natural manner, that is, vp,(v) := ¢p, ®
1, Np,(v) = Np, ® 1, and Fil'(Dg(V)x) := (Fi'By ® V)% @y, K.
The aforementioned result of Colmez and Fontaine is

THEOREM 2.7 ([CF]). The functor Dg: V — (By®q, V)% estab-
lishes an equivalence of categories between the category of semistable
p-adic representations of Gk and the category of weakly admissible fil-
tered (¢, N)-modules. A quasi-inverse Vi to Dg is given by Vg (D) :=
Fil’(Bar ®x Dg) N (By ®, D)P=HN=0,

We note that, if we put D% (V) := Dg(V"), then the Hodge-Tate
weights of V' is exactly the ¢ € Z such that gr' D% (V) # 0. A quasi-
inverse Vi to D is given by V(D) := Homgy o, n(D, B).

3. Breuil modules

From now on, we fix a uniformizer = in K and denote by F(u)
its minimal polynomial over K (which is an Eisenstein polynomial of

20f course, this category MF(p, N) depends on the field K. Thus it should be
denoted by MF g (p, N). But for simplicity, we use notation MF(p, N) instead of
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degree e := [K : Kj]). Let S be the p-adic completion of W (k)[u, E(")i]

il
where u is an indeterminate and endow S with the following structures:

e a continuous @-semilinear Frobenius ¢: S — S defined by

o(u) == uP.

e a continuous linear derivation N: S — S defined by N(u) =
—u.

e a decreasing filtration (FﬂiS)ieZzo where Fil'S is the p-adic

completion of ;S E(;!‘)j.

We can check that Ny = ppN, N(Fil'™S) C Fil'S (i € Zx), ¢(Fil'S)
p'S (0 <i < p-—1). In particular, ¢; := Z%go: Fil'S — S is well-defined
for any 0 < i < p— 1. Putting ¢ := p1(E(u)), we see c € S*.

Put Sk, = S @wk) Ko = S[1/p]. We extend ¢ and N of S to Sk,,
and write Fil'Sy, := Fil'S @wu) Ko = (Fil'S)[1/p] for all i > 0.

DEFINITION 2.8. We define MF(p, N) to be the category whose
objects are finite free Sk,-modules D endowed with

® a g, -semilinear homomorphism ¢: D — D such that the
determinant of ¢ is invertible in Sk, .

e a decreasing filtration (Fil'D);ez such that Fil®D = 0 and that
Fil'Sk, - FiV'D C Fil"™/D.

e a Ky-linear endomorphism N: D — D which satisfy the fol-

lowing;:
(1) N(sx) = N(s)x + sN(x) for s € Sk, and = € D,
(2) N = ppN,

(3) N(FilI'D) C Fil'"'D.
The morphisms in MF(p, N) are S-linear maps that preserve fil-
tration and commute with ¢ and N. The above ¢ and N on D are

called Frobenius and monodromy operator, respectively. An object in
this category MF(p, N) is called a Breuil module.

Let D be a filtered (¢, N)-module. We can associate an object
D =D(D) € MF(p,N) by the following:
and
e p:=ps@pp: D—D.
[ ] N = NS®Id—|—Id®ND
e Fil’D := D and by induction;
Fil'"'D .= {z € D | N(z) € Fil'D, f.(z) € Fil'"' Dy}
where f,: D — Dy is defined by s(u) ® x — s(m)z.
Let R := lgl Ok /pOg where the transition maps are given by the

p-th power map. We fix a sequence (7,)n>0 of elements 7, € K such
that my := = and 7}, = m, for any non-negative integer n. Write
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m:= (m, mod p) € R, and let [r] € W(R) be the Teichmiiller lift. Let
Ag be the p-adic completion of Agis(X) = Aeis| X, %]izo; explicitly,

. X
Ast = {Z alj | a; € Acris, a; — 0}
i>0
We endow flst with the following structures:
e a continuous p-semilinear Frobenius ¢: Ast — Ast defined by
(X)) =1+ X)—-1. A A
e a continuous Ags-linear homomorphism N : Ay — Ag defined
by N(X) =1+ X.
e a decreasing filtration

nA X’ sn—i
Fil" Ay = {> 0y | ai € Fil"™ A, a; — 0},
i>0
where Fil* A, ::AAcriS for £k <0.
e a G-action on Ay defined by g.X = [g(9)]X + [e(9)] — 1,
where £(g) := g(m)/ © € R.

We can check that Ny = ppN, N(Fil'*' Ay) C Fil' Ay (i € Zso) and
o(Fil'Ag) C p'Ag (0 <i < p—1). In particular, @; := I%gaz Fil'Ay —
Ast i§ well-defined for any 0 < ¢ < p — 1. Furthermore, a G'g-action
on Ag preserves the ﬁlPration and commutes with ¢ and N. The
homomorphism® S — Ag, defined by u ~ [r]/(1 + X), induces an
isomorphism S — (Ay)%% (cf. [Br1], Proposition 4.1.2), and by this
isomorphism we regard Ay as an S-algebra.

For any D € MF (¢, N), one can associate a Q,[G k]-module

V(D) := Homgpir v (D, A[1/p)).

THEOREM 2.9 ([Brl]). The functor D: D+ S Qwu) D(:= D) in-
duces an equivalence between the categories MF(p, N) and MF(p, N)
and there exists a natural isomorphism* V(D) ~ V(D).

We denote by MF™(p, N) the essential image of D restricted to
MEY(p, N).
MF(p,N) > MF(p,N)
U U
MF"(p,N) —=  MF"(p,N).

3By definition, this morphism preserves the filtration and commutes with ¢
and N.
“In particular, dimg, Vi (D) = dimg, Vi (D) = dimg, D = rankg, D.
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4. Integral structures
From now on, we fix an integer » > 0 such that r < p — 1.

DEFINITION 2.10. Let D be an weakly admissible filtered (p, N)-
module satisfying Fil’Dx = 0 and Fil'™' Dg = 0. Let D := D(D) €
MF¥(p, N). A strongly divisible lattice (or, strongly divisible module)
of weight < r in D is an S-submodule M of D such that

e M is finite free as an S-module and M[1/p] ~ D.
e M is stable under ¢p.

o pp(Fil'M) C p" M where Fil'M := M NFil"D.
e M is stable under Np.

A strongly divisible lattice of weight < r is a strongly divisible lattice
in some D as above. A morphism between two strongly divisible lattices
of weight < r is an S-linear morphism which commutes the additional
structures.

DEFINITION 2.11. The category ’ Mod;’gf’N is the category whose
objects are S-modules M endowed with an S-submodule Fil" M of M,
a pg-semilinear homomorphism ¢, : Fil'’ M — M and a W(k)-linear
endomorphism N: M — M which satisfy the following:

o Fil"S - M C Fil' M.
o ¢, (sz) = 2o, (s)pr(E(u)z) for s € FiI'S and z € M.
e N(sz) = N(s)xr + sN(x) for s € S and = € M.
o (Griffiths transversality) E(u)N(Fil"M) C Fil" M.
e The following diagram is commutative:
or

Fil" M M
l E(u)N l cN
Fil' M — M.

The morphisms in ’ Mod;’g‘”N are S-linear maps that preserve Fil”
and commute with ¢, and N. The above ¢, and N on M are called
Frobenius and monodromy operator, respectively.

DEFINITION 2.12. The category ModFI;’;”N is the full subcategory
of / Mod;’g"’N whose objects M satisty the following:
e M is of finite length as a Z,-module.
e Im(y,) generates M as an S-modules.
DEFINITION 2.13. The category Mod;’gf”N is the full subcategory of
! Mod%”N whose objects M satisfy the following:

e M is finite free as an S-module.

o (M, Fil'M,, ¢, N) € ModFI;’g”N for all positive integers n.
Here, M,, := M /p"M,Fil"M,, := Fil' M /p"Fil' M, and ¢,, N on M
induce those of M,,.
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By definition, we can regard a strongly divisible module of weight

< r as an object in the category Mod;’;f”N.

Note that Ay € ’Mod;’g’N. For any M € Mod;’g’N, define
7-:; (M) = Hom,Mod;gp,N (M, Ast)

and endow it with a G g-action by (g.f)(z) := g(f(x)) for g € Gk, f €
TH(M) and z € M.

PROPOSITION 2.14 ([Br4]). The category of strongly divisible lat-
tices of weight < r 1is just Mod?’g’N.

Let M € Mod;gp’N. By Proposition 2.14, there exists D € MF"(p, N),
which correspond to D € MF(p, N) satisfying Fil’Dx = Dg and
Fil"™' Dy = 0, such that M is a strongly divisible lattice in D. We can
check that

V(D) ~ V(D) = Homg pir . (D, A [1/p])
= HomS,Fﬂ”,@,N<D> Ast[l/p]) = Tsi(/\/l) Xz, @p

as Q,[Gx]-modules®. On the other hand, since M is free over S, T (M)
is a free Z,-module. Therefore, we know that T7; (M) is a G-stable
Zy-lattice of Vi(D) ~ Vi(D) and rankg T} (M) = rankg M.

5. Simple objects in ModFI’/"’g’N

Suppose er < p — 1. We will see later that a simple object in
ModF I;gp’N corresponds to a Jordan-Holder quotient of a residual rep-
resentation of a semistable Galois representation, and hence we want

to know properties of simple objects in ModFI;’g?’N. Since any simple

object M in ModFI;’g‘”N is killed® by p, we may restrict our attention

to the full subcategory of ModFI;’g’N whose objects are killed by p.

Let 0: S/pS — k[u]/u? be a surjective k-algebra homomorphism
defined by o(u) := u and o(u®/i!) := 0 for ¢ > p. By this homo-
morphism, we regard k[u|/u® as an S/pS-module. Put ¢ := o(c) €

By Theorem 2.9, only a non-trivial part of this equation is
HomS,Fi1~)%N(D,Ast[l/p]) = Hom&Fm%N(D,Ast[l/p]). This can be checked
as follows: It is enough to show that, if f is in Homg pirr o, n (D, Ast[l/p]), then
f preserves Fil’ for 0 < i < r. Let 0 < i < r. Take any r € Fil"™*D. Since
Fil'Sk, - Fil" "D C Fil"D, we have E([x])'f(z) = f(E(u)'z) € FiI"D. Writing
flx) =372, aj)% where aj € Aeis, we have E([x])'a; € Fil" ™/ Aus[1/p]. Hence
have a; € Fil" ™"/ A.i[1/p] (cf. Lemma 3.2.2 of [Lil]). and therefore, we obtain
f(z) € Filrﬂ'Acris[l/p]. This shows that f preserves Fil"™".

6Suppose that there exists a simple object M with pM # 0. Since the
multiplication-by-p map pjp; on M is a morphism in ModFI%”N, ker(p|aq) is

a non-trivial subobject of M. This is a contradiction.
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(k[u]/u?)*. Note that o(F(u)) = u®. We endow kfu]/u® with addi-
tional structures which are compatible with those of S via o, explicitly,

e a continuous p-semilinear Frobenius ¢: klu]/u®? — k[u]/u®?
defined by ¢(u) := uP.
e a continuous linear derivation N: k[u]/u® — k[u]/u® defined

by N(u) = —u. 4 .
e a decreasing filtration (Fil'k[u]/u®);cz., where Fil'k[u] /u® :=
uklu) /u®.

DEFINITION 2.15. We define ModFI’/"’,f’N to be the category whose
objects are k[u]/u®-modules M endowed with an k[u]/u®’-submodule
Fil'’M of M, a @y /uer-semilinear homomorphism ¢, : Fil'’M — M
over k[u]/u® and a k-linear endomorphism N: M — M which satisfy
the following:

o Fil"k[u|/u® - M(= u"" M) C Fil"'M.
e Im(y,) generates M as a k[u]/u®’-modules.
e N(Az) = N(A)z + AN(z) for A € k[u]/u®? and = € M.
o u*N(Fil"'M) C Fil" M.
e The following diagram is commutative:
or

Fil" M M
l u®¢N l cN
. Pr
Fil" M M.

It is known that the categories ModFI;’;D’N and ModFI;}f’N are
abelian and artinian category (cf. [Cal], Section 3.5).

Let M be an object of ModFI%”N killed by p. Regard M as an
finite free S/pS-module and put T(M) = M ®sg/pse klu]/u®. By
equipping T'(M) with natural ¢,, N and Fil" arising from those of M
and klu]/u®, we see that T'(M) is an object of ModFI;’If’N.

ProposITION 2.16 ([Cal], Proposition 2.3.1). The functor T in-
duces an equivalence between the full subcategory of ModF I;’;’O’N whose

objects are killed by p and ModFI;’If’N.

PROPOSITION 2.17 ([Cal], Proposition 3.2.1). Let M € ModFI;>*
be free of rank d over k[u|/u?. Then there exist k[u]/u-basis e, ea, . .., €q

of M and non-negative integers ny, ng, ..., ng such that
Fil'M = k[u]/u® - u™ ey @ klu]/u® - u™eq @ - - - k[u] /u® - u"ey.
Furthermore, the integers ny, na, . .., ng are independent of the choice

of basis.

We call such a basis (e1, e, ..., e4) adapted basis. This proposition
follows from the structure theorem of finitely generated modules over
PID.
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DEFINITION 2.18. Let n = (n;);ez/nz be a sequence of integers
0 < n; < er with period h. We define an object M(n) of ModFI;’If’N
as follows:
° M(l’l) = @iez/hzk}[u]/uep c €.
[ FllTM(ﬂ) = @iez/hzk[u]/uep . u"ie,-.
o p.(ue;) = ey fori € Z/hZ.
o N(e;) :=0fori e Z/hZ.

ProposITION 2.19 ([Cal], Théoreme 4.3.2). Suppose that k is al-
gebraically closed. Then M(n) is simple. Conversely, any simple object
in ModFI’;’If’N is isomorphic to an object of the form M(n).

PROPOSITION 2.20 ([Cal], Corollaire 4.3.4). Let n = (n;)icz/nz and
m = (m;)iez/wz be sequences of period h and I, respectively. Then two
objects M(n) and M(m) are isomorphic if and only if h = h' and, for
some integer a, n; = Mir, for any 1.

Let M be an object in ModFI%p’N. Putting Ay = Ax @w)
Ko /W (k), we define

TH(M) = Hom,MOd%,N (M, A o0).-

If M e ModFI;’g’N is isomorphic to S/p™ S @ S/p™S@---®S/p™S as
S-modules, then 77 (M) is isomorphic to Z,/p™ Z, ® Z,/p"*Z, ® - - - &
Z,/p"Z, as Z,-modules ([Cal], Proposition 6.4.5).

The following is one of main result of [Cal].

THEOREM 2.21 ([Cal], Théoréme 1.0.3 and 5.2.2). Suppose that
k is algebraically closed. Let M be a simple object of ModFI%’N and
M(n) the object corresponding to M wvia the functor T' (see Proposition
2.16). Let h be the period of the sequence w = (n;);. Then the tame
inertia weights of T (M) are er —ny, er—na, ..., er—ny. In particular,
the tame inertia weights of TS (M) are between 0 and er.

6. Caruso’s bound on tame inertia weights

The tame inertia weights of an p-adic semistable Galois represen-
tation of G, with Hodge-Tate weights in [0, 7] have remarkable prop-
erties if er < p — 1. For example, Serre conjectured in [Se4| that the
tame inertia weights on the Jordan-Holder quotients of a residual rep-
resentation of the r-th p-adic étale cohomology group HY (Xg, Z/pZ)
of a proper smooth scheme X over K are between 0 and er. Caruso
proved Serre’s conjecture in [Ca2| by using the integral p-adic Hodge
theory. He also proved the analogous result on the tame inertia weights
of H} (X%, Q,) in [Cal] (see also Theorem 2.24).

We fix an integer » > 0 such that er < p — 1. We denote by
Repsztp (Gx)" (resp. Repg, (G )iors) the category of Gi-stable Z,-lattices
of semistable p-adic representations of G with Hodge-Tate weights in
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[0, 7] (resp. the category of finite torsion Z,-modules with a continuous
G -action). We have already constructed the functors

T Mod;’g’N — Rep%tp(GK)r

and
Ty ModFIJE™Y — Repy (G )iors:

tors *

These functors have good properties.

THEOREM 2.22 ([Cal], Théoreme 1.0.4 and 1.0.5). (1) The functor
1% 1s an isomorphism.
(2) The functor Ty . is exact and fully faithful, and its essential image
18 stable under taking sub-objects and quotient objects.

REMARK 2.23. In this remark, we ignore the assumption er < p—1.
Breuil conjectured in [Br4] that, if r < p—1, the functor 7} induces an
equivalence of categories between Mod;gp’N and Repy (Gx)" If r <1,
then the conjecture has been proved by Breuil in [Br3] and [Br4].
If e = 1, then Breuil showed the conjecture in [Br2| by generalizing
arguments of Fontaine and Laffaille [FL]. The conjecture in the case
er < p— 1 1is proved by Caruso as written in Theorem 2.22. In the
general case, the conjecture is proved completely by Liu [Lil].

~

In fact, Liu defined (¢, G)-modules of height < r in [Li2] and proved

that, for any non-negative integer r > 0, the category of (¢, G)-modules
of height < r is equivariant to the category RepSth(G K)"

By the definition of strongly divisible lattices, we see that, for any
strongly divisible lattice M and n > 0, the quotient M /p" M is an
object of ModFI;’g’N and the following diagram is commutative:

T,
Mod?’g‘”N ———— > Repy, (Gk)"

lmod p" J{mod p"
*

ModFI;’g?’N Teors Repzp (G K )tors-

7.

Now we show the following important theorem

THEOREM 2.24 ([Cal]). Let T, € Repy (Gk)" and T, = T,/pT,
its residual representation. Then the tame inertia weights of Tp\ 1 are
between 0 and er.

PROOF. We may assume that k is algebraically closed. Choose a
strongly divisible lattice M corresponding to 7}, via 7j;. Then M :=
M /pM is contained in ModFI7#" and Tp:, (M) is isomorphic to T},

- /S tors
We identify ¢ (M) with T),. Since the essential image of T¢ ModFI;gD’N —

tors *

"Theorem 2.24 seems to be well-known for experts, but there is no proof in
[Cal], explicitly.
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Repzp (G i )tors 1s stable under sub-quotient, any Jordan-Hoélder quotient
of T}, is isomorphic to a representation of the form 77 (M’) for some

M e ModFI;’;”N. The object M’ is simple because the functor T} _ is

tors
exact (cf. Theorem 2.22) and the image under 77 . of a non-zero object

is still non-zero. Therefore, we obtain the desired result by Theorem
2.21. Il

REMARK 2.25. In fact, we do not need the assumption er < p — 1
in Theorem 2.24 (the case er > p — 1 is trivial).

7. Hodge polygons, Newton polygons and tame inertia
polygons

We recall three polygons associated with p-adic Galois representa-
tions (cf. [CS], [Fol]) and consider representations whose tame inertia
polygon (defined below) is a line.

The polygon associated with rational numbers n;y < ny < --- <
ng is the polygon with break points (0,0) and (j,ng + --- + n;) for
1 < j < d in the usual Cartesian plane. We denote this polygon by
P(nyi,ng,...,nq). For a p-adic representation V' of Gk of dimension n,
put D := D3 (V) := (By ®q, V¥)9 and Dk := D @, K, where By
is Fontaine’s p-adic period ring (cf. [Fo3]). Then D has a structure of
a filtered (p, N)-module by a natural manner. If V' is semistable, then
V' is crystalline if and only if the monodromy operator N of D (V) is
0.

DEFINITION 2.26. The Hodge polygon of V is the polygon associ-
ated with integers ¢ such that Fil'Dy # Fil'™ Dy with the rule that ¢
appears d;-times, where d; := dimg, Gr' Dg = dimg, Fil' D /Fil"™! D

Note that, if V' is a Hodge-Tate representation and denote all the
Hodge-Tate weights of V by h; < hy < --- < h,, then the Hodge
polygon of V' coincides with the polygon P(hy, hs, ..., h,). Recall that,
if V' is a Hodge-Tate representation, Hodge-Tate weights of V are the
integers ¢ such that there exists an isomorphism

V ®q, Cp ~ &,C,(t)*
of Gx-modules with the rule that ¢t appears d;-times.
Let V' be any p-adic representation of Gk and D := D} (V) the
filtered (¢, N)-module as above. For a rational number «, denote by D,

the slope «a part of D associated with the action of the Frobenius of D.
We have D = ©yeqD,. It can be seen ad, € Z, where d,, := dimg,D,.

DEFINITION 2.27. The Newton polygon of V is the polygon associ-
ated with the rational numbers « such that D, # 0 with the rule that
a appears d,-times.

Denote by w; < we < --- < w, all the tame inertia weights of a
p-adic representation V' (cf. Definition 2.3).
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DEFINITION 2.28. The tame inertia polygon of V is the polygon
P(ty,tq,...,t,), where t; := w;/e for 1 <i < n.

The above three polygons associated with V' have remarkable relations.

PROPOSITION 2.29 ([Fol], [CS]). Suppose that V is semistable.
(1) The Newton polygon of V lies above the Hodge polygon of V' and
these polygons end up at the same point.

(2) Suppose er < p— 1. Then the tame inertia polygon of V' lies above
the Hodge polygon of V' and these polygons end up at the same point.
(3) Suppose er < p — 1. Let (h;)iz1,..n, (®i)i=1,. n, (ti)iz1,.n be in-
creasing sequences associated with the Hodge polygon, the Newton poly-
gon and the tame inertia polygon of V, respectively. Take an integer
1<j<n. Ifhi=q; for1 <i<j, thent;=h; =«a; for1 <i<j.

If V' is semistable and the Hodge polygon of V' is a line, then it
is well-known that V| is isomorphic to a Tate twist of Qf". We are
interested in the case where the tame inertia polygon of V' is a line,
that is, V is of uniform tame inertia weight w for some integer w.
Note that V' is of uniform tame inertia weight w if and only if the
action of Ix on a residual representation of V', with a suitable choice of
basis, has the upper-triangular form of diagonal components ¢}’ because
9,1l+p+"'+ph_1 = @, for any integer h > 0. If er < p—1 and V is
semistable with Hodge-Tate weights in [0,7] and is of uniform tame
inertia weight w, then 0 < w < er by Theorem 2.24. For such V', we
see w € (e/n)ZNZ by Proposition 2.29 (2). If V is semistable with all
the Hodge-Tate weights h, then V(—h)|, is trivial and thus V(—h) is
of uniform tame inertia weight 0.

EXAMPLE 2.30 (The case where e = 1 and V is crystalline). Sup-
pose e = 1. Let V be an n-dimensional crystalline p-adic representa-
tion of G with Hodge-Tate weights in [0,p — 1). Then the Fontaine-
Laffaille theory ([FL]) implies that the Hodge-Tate weights of V' coin-
cide with the tame inertia weights of V. Hence, for a finite-dimensional
crystalline p-adic representation V' of G with Hodge-Tate weights in
[0,p — 1), the following are equivalent:

(1) V' is of uniform tame inertia weight w;
(2) V is of all the Hodge-Tate weights w;
(3) I acts on V(—w) trivially.

If the Hodge polygon or the Newton polygon of a semistable p-adic
representation V' of G is a line, then V' is crystalline. In fact, under
some assumptions, an analogous result holds for the case where the
tame inertia polygon of V' is a line.

PROPOSITION 2.31. Suppose er < p—1. Let V' be an n-dimensional
semistable p-adic representation of Gy with Hodge-Tate weights in
[0,7]. Assume that V' is of uniform tame inertia weight. Then V is
crystalline in any one of the following case:
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(1) r <1.

(2) n=2andr <2.

(3) n=2 and e is odd.

(4) n =3, r <2 and e is coprime to 3.

PROOF. It is enough to prove that N = 0 on D := DX (V). De-
note by ¢ the Frobenius operator of D. For simplicity, we denote by
Py (V), Py(V) and Pr(V) the Hodge polygon, the Newton polygon and
the tame inertia polygon associated with V', respectively. We denote by
w the uniform tame inertia weight of V. Note that we have 0 < w < er
and w € (e/n)Z NZ by Theorem 2.24 and Proposition 2.29 (2).

First we suppose the condition (1) holds. If w = 0, then Proposition
2.29 implies that Py (V) is the line of slope 0 and thus N = 0 (it follows
from the relation N(D,) C D, for any a € Q). Thus we may suppose
w # 0. Now assume N # 0. In this case there is an integer s such that
s and s+ 1 are parts of slopes of Py (V). We see s > 0 by the condition
w # 0 and Proposition 2.29. Moreover, Proposition 2.29 (1) implies
that Py(V) has a slope s’ such that s > s+ 1. Hence we see that
Py (V) has a slope greater than 1. This contradicts the assumption
r<1.

Next we suppose the condition (2) holds and w > 0. Then we have
w =e/2,e,3e/2 or 2e. Suppose w = e/2 or e. Since Pr(V) ends up at
the coordinate (2,1) or (2,2), we see that all the possibilities of Py (V)
are P(0,1), P(0,2) or aline. If Py(V) = P(0,1) or P(0,2), Proposition
2.29 shows that Py (V) and Pr(V) are of the form P(0,*). This is a
contradiction. Hence Py (V') is a line and this implies N = 0. Suppose
w = 3e/2. Then we see Pg(V) = P(1,2). Thus Py(V) is P(1,2) or
the line of slope 3/2 by Proposition 2.29 (1). Hence Proposition 2.29
(3) implies that Py (V') must be the line of slope 3/2 and therefore,
we see N = 0. Suppose w = 2¢ and N # 0. Clearly Py(V) is not a
line and hence Py(V) = P(t,4 — t) for some integer 0 < t < 1. Since
N(Dy) C D4y for any o € Q and N # 0, we have Dy_y—1 = Dy
Thus ¢t = 3/2. This is a contradiction and we obtain N = 0.

Suppose we are in the condition (3). In this case we see w € (e/2)ZN
7 = eZ and Py(V) = P(u,2w/e — u) for some integer 0 < u < w/e.
Assume N # 0. Then we have Dy /e—y—1 = D, and thus u = w/e—1/2.
This is a contradiction.

Finally, suppose we are in the condition (4). Then w € (e/3)ZNZ =
eZ. If w = 0, then the assertion (1) implies V' is crystalline. Suppose
w = e. Since Pr(V) ends up at the coordinate (3, 3), we see that all the
possibilities of Py (V) are P(0,3/2,3/2), P(0,0,3), P(0,1,2), P(1,1,1)
and P(1/2,1/2,2). If Py(V) = P(0,3/2,3/2), P(0,0,3) or P(0,1,2),
we know that Py (V) is of the form P(0, %, ) by Proposition 2.29 (1).
Hence Proposition 2.29 (3) implies that Pr(V) must be also of the
form P(0, *, %), however, this is a contradiction. If Py(V) = P(1,1,1)
or P(1/2,1/2,2), then N = 0 because N(D,) C D, for any a €
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Q. Assume w/e > 2. Since Pr(V) ends up at the point (3,3w/e),
Proposition 2.29 (2) and the condition r < 2 implies that Py (V') must
be P(2,2,2). Thus Py(V) is a line. This implies N = 0. O

We finish this section with raising the question below:

QUESTION 2.32. Suppose er < p — 1. Let V be a semistable p-
adic representation of G with Hodge-Tate weights in [0,7]. If V is of
uniform tame inertia weight, then is V' crystalline?



CHAPTER 3

Abelian varieties

In this chapter, we recall some basic notions related with abelian
varieties. At this moment, we can say that abelian varieties are classical
objects by an appearance of the word motive. However, these are very
important objects to study in algebraic number theory even now, and
there exist various curious unsolved conjectures.

DEFINITION 3.1. (1) A group scheme A over a scheme S is an
abelian scheme over S if A is smooth and proper with geometrically
irreducible fibers over S. If S is the spectrum of a field F', an abelian
scheme over S is called an abelian variety defined over F'. In particular,
an elliptic curve is an abelian variety of dimension one.

(2) A torus T over a scheme S is a commutative group scheme over S
such that locally on Sgype (equivalently, Se; or Spyqc) it is isomorphic to
the product of finitely many copies of the multiplicative group scheme
G,n. A split torus is an S-scheme which is isomorphic to the product
of finitely many copies of the multiplicative group over S.

(3) A group scheme G over a scheme S is a semi-abelian scheme if A
is smooth separated commutative group scheme over S with geometri-
cally connected fibers, such that the fiber G5 := G xg Spec(k(s)) is an
extension of an abelian variety A, by a torus T, for each s € S, that
is, 0 > T, — Gy — A, — 0 is exact.

DEFINITION 3.2. Let F be a field, v a discrete valuation of F', O,
the integer ring of v and F, the residue field of v. Let A be an abelian
variety over F'.

(1) We say that A has good reduction (resp. semistable reduction) at v
if there exists an abelian scheme (resp. semi-abelian scheme) A, over
Spec(O,) such that A is isomorphic to A, ®e, Spec(F') over F. If A
has good reduction (resp. semistable reduction) at an extension of v
to a finite algebraic extension of F', we say that A has potentially good
reduction (resp. potentially semistable reduction) at v.

(2) Let the notation be as in (1) and assume A has good reduction.
We call A := A, ®o, Spec(F,) the reduction of the abelian variety A
at v. Note that A is also an abelian variety over F,. A reduction A
of an abelian variety A is uniquely determined by A, up to canonical
isomorphism.

Let A be an abelian variety over a field F' with dimension d. Let
p > 0 be the characteristic of F'. It is well known that there are

37
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canonical isomorphisms
A(FP) "] = (Z/ " Z)*

for any prime ¢ # p (cf. [GM], Prop. 5.11). If £ = p > 0,
A(F)[p"] = (Z/p"Z)’

for some integer 0 < f = f(A) < d, which is also independent of n and

f(A) is called the p-rank of A. If two abelian varieties A and B over

F' are isogenous, then we have f(A) = f(B). (cf. [GM], Prop. 5.22).
For any prime /¢, consider the projective system

APy & Ay L. B gy Loy B
DEFINITION 3.3. For any prime number ¢, put

T,(4) = L A(F*?)[e"),

with respect to the above projective system. We call T;(A) the Tate
module of A. We also denote the module Ty(A) ®z, Q, by Vi(4).

The Tate module T;(A) is a free Z,-module of finite rank, and
equipped with a continuous action of Gg. If ¢ # p, the Zj,-rank of
Ty(A) is 2d, whereas if £ = p > 0, the Z,-rank of T;(A) can be taken to
any number among 0 to d. Note that there exists an isomorphism

Ty(A) ~ Hy (Ap, Qo)
as Q¢[Gr]-modules.

DEFINITION 3.4. (1) An abelian variety A of dimension d over a
field F' of characteristic p is ordinary if f(A) = d, that is,

A(F*P)[p"] = (Z/p"Z)*.

(2) Let A be an abelian scheme over a valuation ring O and F the
residue field of O with characteristic p > 0. We call A is ordinary if
its special fiber A X I is ordinary.

(3) Let F be a field, v a discrete valuation of F', and O, the valuation
ring of v with residual characteristic p > 0. Let A be an abelian variety
over F' which has good reduction at v and A, the abelian scheme over
O, with its generic fiber A. We say that A has ordinary good reduction
at v if A, is ordinary.

For an abelian variety A over a field F, we can consider A" := Pic%
as an abelian variety over F', which is called the dual abelian variety of
A. About the dual abelian variety, following are well-known:

(1) The dimension of A" is the same as the dimension of A.
(2) The abelian varieties A and A" are isogenous over F'.
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(3) For any prime number ¢, there is a canonical isomorphism
AV ~ A[e"]Y

as F-group schemes, where A[¢("]" is the Cartier dual of A[¢"].
Hence if ¢ is different from the characteristic of F', we see that

Ty(AY) = Ty(4)"(1)
as G p-modules.

The next proposition is well-known, which is called the criterion of
Néron-Ogg-Shafarevich.

ProrosITION 3.5 ([ST|, Thm. 1). Let F be a field, v a discrete
valuation of F' and F, a residue field of F' at v. For any abelian variety
A over F, the following properties are equivalent.

(1) A has good reduction at v.

(2) A(F*®P)[m] is unramified at v for all m prime to characteristic
char(F,) of F,.

(3) There exist infinitely many integers m, which is prime to char(F,),
such that A(F*P)[m] is unramified at v.

(4) The Tate module T;(A) is unramified atv for some (all) primes
¢ # char(F,).

It is well-known that there exist only finitely many number fields
with bounded degree and given ramification set (Hermite-Minkowski
Theorem). An analogous result on the above fact for abelian varieties
is known.

THEOREM 3.6 ([Fa]). Let K be a finite extension of Q and S a
finite set of finite places of K. Then there exists only finitely many
K-isomorphism classes of abelian varieties which have good reduction
outside S.

Let A be a g-dimensional abelian variety over a field F'. We denote
by Endg(A) the ring of F-endomorphisms of A. Let E be a finite
extension of Q of degree 2¢g, and let i: F — Q ®z Endg(A) be a ring
homomorphism. We call the pair (A, ) an abelian variety with complex
multiplication by E over the field F.

ProrosITION 3.7 ([ST], Section 4, Corollary 2). Let A be an
abelian variety with complex multiplication over a field F'. Let pay
be the representation Gp — GL(T;(A)) defined by the Tate-module of
A. Then pay is abelian.

Let K be a finite extension of Q. Let A be an abelian variety over
K. Suppose that the representation ps,: Gp — GL(T;(A)) defined
by the Tate-module of A is abelian. Then the representation p4, is
Q-rational, semisimple and locally algebraic, and thus, by Theorem
1.17, we see that p4 , arises from an algebraic homomorphism ¢: Sy, —
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G Ly, defined over Q (see Section 2.4). Since pa ¢ is isomorphic to the
representation ¢ arising from ¢ for all prime numbers ', we have that
paw is abelian for any prime ¢'. Therefore, we obtain the following.

PROPOSITION 3.8. Let K be a finite extension of Q. Let A be an
abelian variety over K. For any prime number {, we denote by pa,
the (-adic representation of Gk defined by the Tate-module of A. Then
pae 1s abelian for some prime number £ if and only if pay is abelian
for all prime numbers £.



CHAPTER 4

Modular curves

In this chapter, we are interested in a study of a structure of the set
of rational points on elliptic curves. For this study, modular curves have
been used by many mathematicians. The points of a modular curve
parametrize isomorphism classes of elliptic curves, together with some
additional structure. Let N > 2 be a positive integer. It is known that
there exist smooth irreducible affine curves Y(N) and Y;(N) defined
over Q which are coarse moduli spaces Yy(N) and Y;(V) for elliptic
curves with I'g(N)- and I'; (N)-structures, respectively. In fact, Y7 (N)
is a fine moduli scheme for N > 5. For any finite extension K of Q,
we regard K-rational points of Y5(N) and Y;(N) as follows:

e Yo(N)(K):={(E,C) | E is an elliptic curve over K, and
C C E(K) is a Gg-stable cyclic
subgroup of order N }.
o Vi(N)(K):={(E,P) | E is an elliptic curve over K, and
P e E(K) is a point of order N}.
We denote by X;(N) the compactification of Y;(N) for each i and we
call X;(N) a modular curve of level N for each i. Points on X;(IV) \
Yi(N) are called cusps. The K-rational points on modular curves, in
particular non-cuspidal points, have been studied by many mathemati-
cians. Related with the non-existence of rational points on Y, (N), the
following are well-known:

THEOREM 4.1. (1) ([Ma], Theorem 1) Let ¢ be a prime number.
Then Yy (£)(Q) is empty except for ¢ =2,3,5,7,11,17,19,37,43,67, 163.
(2) ([Mo], Theorem B) Let K be a quadratic field which is not an
imaginary quadratic field of class number one. Then Yy(¢)(K) is not
empty only for finitely many prime numbers (.

Study of the non-existence of rational points on Y;(NN) is related
with the study of the torsion part E(K )i of E(K).

CONJECTURE 4.2 (Torsion conjecture for abelian varieties). If A is
a g-dimensional abelian variety over a number field K, then §A(K )ior
is bounded by a constant N(g, K) depending only on g and K.

CONJECTURE 4.3 (Strong torsion conjecture for abelian varieties).
If A is a g-dimensional abelian variety over a number field K of degree
d, then $A(K )ior is bounded by a constant N(g,d) depending only on g
and d.

41
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THEOREM 4.4 ([Me]). Conjecture 4.3 holds for g = 1. Moreover,
we can choose N(1,d) as N(1,d) = d*®.

We state a strengthening of Merel’s result, due to Oesterlé.

THEOREM 4.5 ([Oe]). If E is an elliptic curve defined over a num-

ber field K of degree d, and E(K) has a point of prime order ¢, then
0 < (14 392)2,



CHAPTER 5

Rasmussen-Tamagawa Conjecture

The Shafarevich Conjecture, which is now proved by Faltings, is
well-known as a conjecture on the finiteness of certain abelian varieties
over a number field. In 2008, Rasmussen and Tamagawa [RT] conjec-
tured the finiteness of abelian varieties with constrained prime power
torsion, in the spirit of the Shafarevich Conjecture.

Throughout this section, we denote by K a finite extension of Q
and ¢ a prime number.

1. Statement

Let K (u) be the smallest field containing K and all £-th roots of
unity. We denote by K, the maximal pro-¢ extension of K(u,) which
is unramified away from /.

DEFINITION 5.1. Let g > 0 be an integer. We denote by A(K, g, {)
the set of K-isomorphism classes of abelian varieties A over K of di-
mension g which satisfy the following equivalent conditions:

(1) K(A[P)) € Ry
(2) The abelian variety A has good reduction outside ¢ and the
extension K (A[f])/K (u) is an {-extension.

The equivalence of the above conditions follows from the criterion of
Néron-Ogg-Shafarevich (see Proposition 3.5). The set A(K,g,/) is fi-
nite because of the Shafarevich Conjecture. Rasmussen and Tamagawa
conjectured that this set is empty for any ¢ large enough:

CONJECTURE 5.2 ([RT], Conjecture 1). The set A(K, g) := {(4,¢) |
[A] € A(K,g,0), ¢:prime number} is finite, that is, the set A(K,g,/)
1s empty for any prime £ large enough.

We call this conjecture the Rasmussen-Tamagawa Conjecture.

2. Structure lemma

We shall recall a lemma proved by Rasmussen and Tamagawa (cf.
[RT], Lemma 3). Let G be a topological group with a normal pro-
¢ open subgroup N, such that the quotient A = G/N is isomorphic
to a subgroup of F;. Because N is pro-¢, we see that N has trivial
image under any character ¢: G — F;. Hence, there always exists an
induced character ¢: A — F. Let y: G — F be a character such
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that the induced character y is an injection A — F/. Finally, let V
be a finite dimensional F,-vector space of dimension n on which G acts
continuously.

LEMMA 5.3. Let the notation be as above. Then the vector space V
has a filtration of G-modules

{0y =VocVic---CcV,1CV,=

such that Vi, has dimension k for each 1 < k < n. Furthermore,
for each 1 < k < n, the G-action on the space Vi, /Vi_1 is given by
g.v = x(g)™ - v for some a € Z, 0 < aj, < #A.

PRrOOF. First we note that, for any positive integer m which divides
¢ — 1, there exists the only one subgroup C,, of F; of order m. If we
denote by § a generator of A, then x(9) generates Ca := Cya. We
prove the Lemma by induction on n. Since any character ¢: G — F/
factors through A and thus has values in Ca =< x(§) >, we obtain
¥(0) = x*(9) for some integer a and hence we have 1» = x*. This finish
the proof in the case n = 1. Assume the results holds for F,-vector
space of dimension n — 1, and let V be an Fy-vector space of dimension
n.

Consider the action of N on V, which necessarily factors through
some finite /-group Ny. Hence, the N-orbits of V must all have order
a power of ¢ and so the subspace VV of fixed points is non-trivial
(VN = {0} implies ¢ divides 4V — 1, which is impossible). Further,
because N is normal in G, we have that V¥ is G-stable, and so a
well-defined action of A on V¥ is induced. Fix a basis for V., and let
p: A — GL(V™) be the associated representation. Put A be the matrix
corresponding to p(d). Since 6** = 1, we see that the eigenvalues of A
have values in C'a. Hence A has an eigenvector w with some eigenvalue
A € Ca. Since Cy is generated by x(0), there exists an integer a such
that A = x%(J). Because p is a representation induced by the G-action
on V, we see that, under the G-action on V, G acts on w € V by the
formula g.w := x%(g) - w for any g € G. Therefore, W :=< w > is a
1-dimensional G-stable subspace of V and G acts on W via x®. There
is an induced G-action on V /W, which has dimension n — 1. By the
induction hypothesis, there exists a filtration of G-modules

{0}:‘_/0C\_/1C---CVn_lcf/n_l:V/W

such that V, has dimension k for each 1 < k < n — 1. Furthermore,
for each 1 < k < n, the G-action on the space Vk/ Vi_1 is given by
g.v = x(g)™ - v for some a; € Z. By the Brauer-Nesbitt theorem, we
have that V itself have a desired filtration as above.

O

COROLLARY 5.4. Let A be a g-dimensional abelian variety over K.
Then [A] € A(K,g,0) if and only if A satisfies the following: The
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abelian variety A has good reduction outside ¢ and A[(] has a filtration
of Gg-modules

{0y =VoCcVy - C Vo y CVy = Al

such that Vi, has dimension k for each 1 < k < 2g. Furthermore,
for each 1 < k < 2g, the Gg-action on the space Vi /Vi_1 is given by
9.0 = xe(g)™ - v for some ay, € 7.

3. Known results

THEOREM 5.5 ([RT], Theorem 2 and 4). The Rasmussen-Tamagawa
Conjecture holds under any one of the following conditions:
(i) K=Q and g = 1.
(ii) K is a quadratic number field other than the imaginary qua-
dratic fields of class number one and g = 1.

Proor. Take (E,¢) € A(K,1). By Corollary 5.4, the group of
(-torsion points E[¢] of E has a Gg-stable subspace of dimension 1,
which is of course cyclic of order ¢. Recall that Yy(N) denotes the
moduli space (over Z[1/N]) for isomorphism classes of pairs (Ey, Cp),
where FEj is an elliptic curve, and Cj is a cyclic subgroup of Fy of order
N. Then (E, /) corresponds to a class [(F,C)] € Yo(¢)(K). If K is a
number field as in the statement of this theorem, then it is known that
Yo(€)(K) is empty for ¢ large enough (cf. Theorem 4.1). d






CHAPTER 6

Non-existence of Galois representations

Let ¢ be a prime number and K a number field. In this chapter,
we show the non-existence of certain semistable ¢-adic Galois repre-
sentations of the absolute Galois group Gk of K by using remarkable
results on the tame inertia weights due to Caruso. Fix non-negative
integers n,r and w, and a prime number ¢y # ¢. Put e := (n, {y, r, w).
We consider the set Repg,(Gk)® of isomorphism classes of certain /-
adic representations of G'x (Definition 6.4 (2)). The set Repg,(Gk)*
has some relations with the dual of H¥(Xg,Qy), where X is a proper
smooth scheme over K which has semistable reduction everywhere and
has good reduction at a place of K above {;. Our main result in this
chapter is

THEOREM 6.1 (= Theorem 6.8). Suppose that w is odd or w > 2r.
Then there exists an explicit constant C' depending only on K,n,ly,r
and w such that Repg,(Gk)* is empty for any prime number £ > C
which does not split in K.

We prove this theorem by a relation between tame inertia weights and
Frobenius weights (Proposition 6.11). Our result gives an application to
a special case of the Rasmussen-Tamagawa Conjecture (see the previous
chapter).

1. Geometric and filtration conditions

We define the set of representations we mainly consider throughout
this chapter. We fix non-negative integers n,r, w and w, and a prime
number ¢, different from ¢. Let x, be the mod ¢ cyclotomic character.
Take an n-dimensional (-adic representation V of Gk and denote by V a
residual representation of V. Note that V is not uniquely determined (it
depends on a choice of a Gg-stable lattice), but the required property
or the numbers computed from V does not depend on the choice of
V. Now we consider the following geometric conditions (G-1), (G-2),
(G-2)" and (G-3), and filtration conditions (F-1) and (F-2):

(G-1) For any place A of K above ¢, the representation Vg, is
semistable and has Hodge-Tate weights in [0, r].

(G-2) For some place vy of K above {y, the representation V is
unramified at vy and the characteristic polynomial det(7" —
Fr,,|V') has rational integer coefficients. Furthermore, there
exist non-negative integers wq (V'), wo(V), ..., w, (V) such that
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wi (V) + wa (V) + -+ + w, (V) < w and, for every embedding
Q¢ — C, the roots of the above characteristic polynomial have

complex absolute values g*(V)/2 guaW/2 - qun(V)/2,
(G-2)" The condition (G-2) holds and wy(V) = wy(V) = -+ =

w, (V) = w.

(G-3) For any finite place v of K not above ¢, the action of I, on V'
is unipotent.

(F-1) The representation V' has a filtration of Gg-modules

{0y=VocVic---CcV,.,CcV,=V

such that Vj, has dimension k for each 1 < k < n.
(F-2) The condition (F-1) holds. Moreover, for each 1 < k < n, the
G -action on the quotient V,/V,_; is given by g.0 = \7*(9)v
for some 0 < aq; < /¢ — 2.
If an (-adic representation V' satisfies the condition (F-1), then we say
that V' is of residually Borel. If n = 2, then (F-1) is equivalent to the
condition that V is reducible.

EXAMPLE 6.2. Suppose w < r. Let X be a proper smooth scheme
over K which has everywhere semistable reduction and has good re-
duction at some places of K above 5. Then the dual HY (X%, Q)Y
of the w-th f-adic étale cohomology group of X satisfies the geometric
conditions (G-1), (G-2)" and (G-3).

PROPOSITION 6.3. Let X be a proper smooth scheme over K and
w an odd integer. Denote by Sx the finite set of prime numbers p such
that X has bad reduction at some place of K above p. Then, there
exists a finite extension L of K such that, for any { ¢ Sx, the (-adic
representation HY (X7, Qp) of G is semistable at all finite places.

In particular, we have the following: Let X and L be as above. Fix
a prime number ¢y ¢ Sx and take a prime number ¢ such that ¢ # ¢,
and ¢ ¢ Sx. Then HY(Xz, Q)" satisfies (G-1), (G-2)" and (G-3) as a
representation of Gp.

PROOF OF PROPOSITION 6.3. For any algebraic extension K’ of
K, denote by Sx i the set of places of K’ which is above one of the
prime numbers in Sy. Take any place v € Sx k. By de Jong’s alter-
ation theorem ([dJ], Theorem 6.5), there exist a finite extension K/
of K,, a proper strictly semistable scheme Y* over Og; and a mor-
phism Y — X compatible with Spec(Og;) — Spec(Ok,) such that
the morphism f: V¥ — XOK{, induced by the above morphism is an
étale alteration (see also [Ts1], Theorem A3). Here Ok, and Ok, are
integer rings of K, and K, respectively, and X is a proper flat model
of Xk, over Ok,. Such a model always exists by the compactifica-
tion theorem of Nagata. Take any prime number ¢'. If we denote by
f« and f* the induced homomorphisms H ( %o Qu) = HY(X%,,Qp)
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and Hg{(Xf{anZ’) — H:g( })—q,
is the multiplication by deg(f). In particular, the map f* is injec-
tive. Thus we may consider that H (X &> Q) is a sub-representation
of HY( Ko Qp). Now take a finite extension K (v) of K and a place
w(v) of K(v) above v such that K(v)y,w) = K, where K(v)y) is
the w(v)-adic completion of K (v). The existence of K(v) and w(v) is
an easy consequence of [La], Section II, Section 2, Proposition 4. We
denote by L the Galois closure, over K, of the field generated by all
K (v). Here v runs through all the places of K in Sx . Now we take a
prime number ¢ ¢ Sx. It suffices to show that the f-adic representation
HY(X1,Qp) of G is everywhere semistable. Take any finite place wy,
of L. If wy, ¢ Sx r, then X has good reduction at wy, and in particular
HY(X1,Qy) is semistable at wy. Suppose wy, € Sx . We denote the
restriction of wy to K by v. Take )V and the place w(v) of K(v) as
above. Furthermore, we take a place w} of L above w(v). Since the
action of I is unipotent on Hg (Y7, Q), we have that the action of
Ly, on HE(Xg, Q) is unipotent, too. Since the inertia subgroup I,
conjugates with [, by the element of G'x, we see that the action of
I, on HY¥ (X%, Q) is also unipotent, that is, H} (X7, Q) is semistable
at wy. This finishes the proof. O

Qe ) respectively, then the map f, o f*

DEFINITION 6.4. Put o := (n, £y, r,w) and e := (n,{y, r, w).

(1) We denote by Repg, (G )2ya (resp. Repg, (G )eyq) the set of isomor-
phism classes of n-dimensional ¢-adic representations V' of G which
satisfy (G-1), (G-2) and (F-2) (resp. (G-1), (G-2)" and (F-2)).

(2) We denote by Repg,(Gk)° (resp. Repg,(Gk)*® ) the set of isomor-
phism classes of n-dimensional ¢-adic representations V' of G which
satisfy (G-1), (G-2), (G-3) and (F-1) (resp. (G-1), (G-2), (G-3) and
(P-1)).

Clearly, we have

Reer (GK)O C RepQé (GK)O

cycl

U U
Reer (GK>. - Reer (GK).7

cycl
where @ = (n,{y, r,w) and o = (n, by, r,w) for any nw < .
Our main concern in this chapter is the following question:

QUESTION 6.5. Does there exist a constant C which depends on K
and e (or o ) such that the sets defined in Definition 6.4 are empty for
¢ > C? If the answer is positive, how can we evaluate such a constant

c?

REMARK 6.6 (Trivial case). Take a representation V' € Repg, (Gx)®.

By (G-2)’, the complex absolute value of the determinant of Fr,, act-

ing on V is ¢i/? and this must be an integer. From this fact, if n
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and w are odd and the extension K/Q is Galois of an odd degree, then
Repg,(Gk)*® is empty for any prime £ # £,. As this example, there
exist lots of pairs of (K, e) (resp. (K, o)) such that Repg,(Gk)* (resp.
Repg, (Gk)°) is empty for a prime £ (large enough). We hope to know
“non-trivial cases” of the emptiness of the sets given in Definition 6.4.

2. Main theorems

We denote by d,dx and hj. the extension degree of K over Q, the
discriminant of K and the narrow class number of K, respectively. Put
M := max{nr,w/2} and

o (nj2) if n is even,
n = { (nhy2)  if nis odd.
Clearly this is equal to max{(,;) | 0 <m <n}. Now we put
g1 :=dM, ey:=dey, &) :=dh} M, &y:=de],
Cy = C1(d,e) :=2¢c,05", Cy:=Cy(d,e) = 2c,l?,
Cl = O)(K, 0) 1= 2c,l5, C) = Ch(K, o) := 2c, (.
The following are our main results.

THEOREM 6.7. The set Repg,(Gx)
the following situations:
(a) w is odd, { tdg and £ > Cy;
(b) w is odd, the extension K/Q has odd degree and £ > Cy;
(c) w>2r, {{dx and > C;
(d
(e

.
oyal I empty under any one of

) w > 2r and { > Csy;
) w and n are odd, and { > Cs.

THEOREM 6.8. If £ does not split in K, then the set Repg,(Gr)*®
15 empty under any one of the following situations:
(a) w is odd, { tdg and L > C';
(b) w is odd, the extension K/Q has odd degree and ¢ > C};
(c) w>2r, L{dg and { > C};
(d) w>2r and ¢ > C;
(e) w and n are odd, and { > CY.

It is useful to give the following definition for the proofs of the above
theorems.

DEFINITION 6.9. Let A be a place of K above ¢ and V' an /(-adic
representation of G. The tame inertia weights of V' at A is the tame
inertia weights of V|, (cf. Definition 2.3). For an integer 0 < w < (—1,
we say that V' is of uniform tame inertia weight w at X if Vg, is of
uniform tame inertia weight w (cf. Definition 2.4).

The following two propositions play an essential role for our main
results.
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PROPOSITION 6.10. Any (-adic representation V' in the set Repg, (G )¢
has tame inertia weights exw (V') /2, exwa(V') /2, ... exw,(V)/2 at any
place \ of K above { under any one of the following situations:

(a) 1dg and { > Cy;
(b) ¢ > Cs.

cycl

PROPOSITION 6.11. Suppose that ¢ is a prime number which does
not split in K. Any (-adic representation V in the set Rep@[(GK)O
has tame inertia weights exwy (V') /2, exwa(V)/2,..., exw,(V)/2 at the
unique place \ of K above ¢ under any one of the following situations:

(a) Ltdg and £ > CY;
(b) ¢ > Ci.

To prove these propositions, we need the following lemma:

LEMMA 6.12. Let s, ty1,ta,...,t, andu be non-negative integers such
that 0 < s < wu and 0 <t < ru for all k. Let V be an n-dimensional
(-adic representation of Gk which satisfies (G-2). Decompose det(T —
Fr,|V) = H1<k<n(T — ag). If the set {a5,a3,...,a5} coincides with
the set {qvo, a2, gy inFy and 0> 2,087 then {5, 05, ..., 05} =
{aly,q2,. ... qn}. In particular, we obtain

{sw1 (V) /2, swa(V')/2,...,sw,(V)/2} = {t1,1a,...,t,}.

Proor. We basically follow the proof by the method which has
been pointed out by Rasmussen and Tamagawa. Let us denote by

S (x1, T9, ..., z,) the elementary symmetric polynomial of degree m
with n-indeterminates z1, x», ..., z, for 0 < m < n, that is,
H — ) Z S (1, 20y o) T
1<k<n 0<m<n

For any 0 < m < n, the condition (G-2) implies that S,, (a1, as, ..., ay)
is a rational integer for all m and hence S,,(af, a3, ..., a?), which is a
symmetric polynomial of aq, s, ..., a,, is also a rational integer. On
the other hand, we have

Sulas, a5, a)l < Y (gl TR

1<s1<-<sm<n
<D @ = () (@) < etg
1<s1<<sm<n

and

ts +“‘+tsm
Smlgit g2, gl < Y

1<s1 < <sm<n

< Y ar=(ar<ad™

1<s51 < <sm<n



52 6. NON-EXISTENCE OF GALOIS REPRESENTATIONS

by (G-2), where |- | is the complex absolute value. Since we have
Sm(af, a3,...,08) = Sn(qh, g2, ..., ¢fr) mod £ and ¢ > 2¢,(3M", we
obtain

Sm(af,as,....a0) = Sm(qf}t, qf}f), . ,qf}g)
for all m. Therefore, we have the desired result. O

Now we start the proofs of Proposition 6.10 and 6.11. Take any
representation V' which is an element of the set Repg, (G x)° and denote
a residual representation of V' by V. Then the representation V has a
filtration of G x-modules

0y=V%cvic---cVp,1CV,=V

such that Vj, has dimension k for each 1 < k < n. We denote by
Y, Gxg — FJ the character corresponding to the action of Gx on
the quotient Vj/Vj_; for each 1 < k < m. Take any place \ of K
above {. By Theorem 2.24, we obtain 1, = Glff on [, for some integer
0 < b < eyr, where 6y : Iy — F; is the fundamental character of

level one at A. Take a place \g of K above ¢; as in (G-2) and decompose
det(T — Fry,|V) = [[.(T" — a;). Then, we see

{041, Qg, ... 7an} = {¢1(Fer)a ¢2(Fer)a s 7wn(Fr/\o>} (*)
in ]Ff.
PROOF OF PROPOSITION 6.10. Assume that V is an element of
the set Repg,(Gk)eyq- Then we may suppose ¢y, = x;* for any k by

cycl®

(F-2). The relation y;* = i"; on Iy implies 7" = Hl{’jjf and thus
exar = by mod ¢ — 1. Hence we have y,** = )’(?’“’A on G and thus
the set {af*, a3, ..., a8} coincides with the set {qit}“, qf\i’A, o ,ql;\’;’A

in F, by (x). By Lemma 6.12, we have
{6)&01(V)/2, s :e)\wn(v)/Q} = {bl,/\a s >bn,)\}

if ¢ > 2cn€gMeA. Since ey < d and ey = 1 if £ { dg, we have the desired
result. O

PROOF OF PROPOSITION 6.11. We note that each 1, is unrami-
fied away from ¢ by (G-3). Now we assume that any one of the following
conditions (A) or (B) holds:

(A) £fdx;

(B) No additional assumptions.

Setting b}, := bi\/ex € Q, we have 0 < b, < r. We note that, if we put

Do 1 under (A),
"l d under (B),
then we see D /ey € Z. Since 1y, = Hlf’ff on I, we see that zﬁ,?gzb’“ is

_—b

trivial on I, and thus (¢ y, )P/ = w,?)_(;b’“D is also trivial on .
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Since the characters ¢, and y, are unramified away from ¢, this implies

that ¢? )‘(Z%D is unramified at all finite places of K (recall that ¢ does
not split in K). By class field theory, it follows

Dh} _Y, Dhf;
wk K _ Xek K
on Gg. Recall that h} is the narrow class number of K. Thus
Dh}. Dk} Dh}. . .
we have that the set {a] “,ay ... a, “} coincides with the set
/ + / + / + _ +
{qiloDhK, qiiDhK, o ,inDhK} in F, by (x). Now we assume ¢ > ZCnEZDhKM.
Then we have
[DRfn(V)/2, ... Dhwn(V)/2} = {8, Dhis, ..., D)
by Lemma 6.12. Our result comes from this equation. U

PrROOFs OF THEOREM 6.7 AND 6.8. We only prove Theorem 6.7
because we can prove Theorem 6.8 by the same way. Suppose that
there exists an f-adic Galois representation V' which is contained in
Repg, (Gk)eyq and take a residual representation V of V. If we assume
one of the situations (a) and (b) given in Proposition 6.10, then V is
of uniform tame inertia weight eyw/2 at any place A of K above ¢, and
thus eyw/2 must be a rational integer. Moreover, by Theorem 2.24,
it follows that the tame inertia weight e w/2 is between 0 and eyr.
However, if we assume any one of the conditions (a), (b), (¢) and (d),
then eyw is odd for some A or eyw/2 > eyr. This is a contradiction.
The rest of the assertion related with (e) follows from the fact ([CS],
Theorem 1) that the sum of all the tame inertia weights of V' at A must
be divisible by e,. O

REMARK 6.13. To remove the special assumption “¢ does not split
in K7 in Theorem 6.8 is impossible in general because there exists
such an example, which is pointed out by Akio Tamagawa: Let F
be an elliptic curves over K with complex multiplication over K by
an imaginary quadratic field F' := Q ®z Endg(E) C K. Then E is
potential everywhere good reduction and thus we may suppose E has
everywhere good reduction over K. Put Iy := Q ®¢ F, which is a
semisimple Q-algebra. It is well-known that F, acts faithfully on the
Tate-module V;(F) of E and thus V;(E) has a natural structure of 1-
dimensional Fj-vector space. If ¢ splits in F', the decomposition Fy ~
Q¢ xQy induces a decomposition of V;(E) as a sum of 1-dimensional G -
stable f-adic representations. For such odd prime /, it is easy to check
that V,(E) is an element of the set Repg,(Gk)®, where @ = (2,2,1,1).

3. Applications

We give some applications of our results. We use same notation as
in the previous section.
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3.1. Rasmussen-Tamagawa Conjecture. We consider the semistable
reduction case of Conjecture 5.2.

DEFINITION 6.14. (1) We denote by A(K,g,{)s the set of K-

isomorphism classes of abelian varieties in A(K, g, ¢) with semistable
reduction everywhere.
(2) We denote by A(K, g, 4y, {)s the set of K-isomorphism classes of
abelian varieties A over K with semistable reduction everywhere, of
dimension g, which satisfy the following condition: The abelian variety
A has good reduction at some places of K above ¢, and A[{] has a
filtration of G x-modules

{0y =VoCVy - C Vot CVy = Al
such that Vj, has dimension k for each 1 < k < 2g.

Clearly, we see A(K,g,0)s C A(K,g,lo, ) since £ # ly. The set
A(K, g,0)g is finite, however, the set A(K, g, {o,{)ss may be infinite.
The Rasmussen-Tamagawa Conjecture implies that A(K, g, {)s will be
empty for a prime ¢ large enough.

Take an abelian variety A which is in the set A(K,g,{)s (resp.
A(K, g,0,0)s). Then the Tate module V;(A) of A is an element of
the set Repg,(Gk)eya (resp. Repg, (Gk)® ) with e = (2¢,2,1,1) (resp.
e = (2g,4,1,1)) for any ¢ > 2 (resp. { > {y). Consequently, we obtain
the following results as corollaries of Theorem 6.7 and 6.8:

COROLLARY 6.15. The set A(K,g,{)s is empty under any one of
the following situations:
(a) (fdk and € > 2 (%), where 0y := 2dg + 1;
(b) The extension K/Q has odd degree and ¢ > 2°2 (%), where
8y 1= 2d%g + 1.

COROLLARY 6.16. Suppose that ¢ does not split in K. The set
A(K, g, 0y, 0)s is empty under any one of the following situations:

(a) Ltdyk and £ > 268/1 (%), where 6] := 2dgh;

(b) The extension K/Q has odd degree and ¢ > 2€gé (%), where
8y = 2d*ghj..

REMARK 6.17. Rasmussen and Tamagawa have shown the finite-
ness of the set A(K, g)s by using the result of [Ra] instead of Theorem
2.24 (unpublished). Our main results in this paper are motivated by
their work.

3.2. (-torsion points of elliptic curves. We consider the fol-
lowing classical question:

QUESTION 6.18. Does there exist a constant cx, which depends only
on K, such that for any semistable elliptic curve E defined over K with-
out complex multiplication over K, the representation in its £-torsion
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points E[{] is irreducible whenever £ > cx? Furthermore, if the answer
18 positive, how can we evaluate such a constant cg?

By Mazur’s results on a moduli of rational points of modular curve
Xo(N) ([Ma]), it is known that ¢g = 7. If K is a quadratic field, then
the existence of cx is known and moreover, if the class number of K
is 1, then the explicit calculation of ck is given by Kraus [Krl]. By
combining results on Merel ([Me]) and Momose ([Mo]), Kraus showed
the existence of ¢x for a number field KX which does not contain an
imaginary quadratic field of class number 1 ([Kr2]). Moreover, Kraus
defined the good condition “(C)” associated with K in op. cit, such
that the existence and the explicit value of cx is known if K satisfies
this condition.

The following is easy consequence of Corollary 6.16 under the case

g=1.

COROLLARY 6.19. Let E be an elliptic curve over K with every-
where semistable reduction. Let (g be the minimal prime number p such
that E has good reduction at some finite places of K above p. Suppose
¢ does not split in K. Then E[l] is irreducible under any one of the
following conditions:

(a) £tdg and € > 46‘;, where 87 := 2dh};;
(b) The extension K/Q has odd degree and ¢ > 45%, where 0 :=
2d*Nh;.

We remark that the above corollary is valid even if £ has complex
multiplication over K.

3.3. étale cohomology groups. For any semistable elliptic curve
E over Q, Serre proved the following ([Se4]|, Section 5.4, Proposition
21, Corollary 1): Let g be the minimal prime number p such that FE

has good reduction at p. Then E[/] is irreducible if £ > (1 + €}3/2)2.
As a corollary of Theorem 6.8, we can slightly generalize this fact
to étale cohomology groups of odd degree.

COROLLARY 6.20. Let X be a proper smooth scheme over K with
semistable reduction everywhere and w an odd integer. Let b,(X) be a
w-th Betti number of X and {x the minimal prime number p such that
X has good reduction at some places of K above p. Then there exists
a constant C' depending only on by,(X) and €x such that for any prime
number £ > C which does not split in K, the étale cohomology group
HY (X%, Qy) is not of residually Borel. More precisely, if { does not
split in K, HY(Xg, Qy) is not of residually Borel under any one of the
following conditions:

(a) Ltdr and € > 2c,,(x) 05", where Ay = b, (X)dhjw;
b) The extension K/Q has odd degree and £ > 2¢;, (x\(52, where
( g w(X)t X

Ay = b, (X)d*hfw.
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PROOF. Putting e := (b,(X),lx,w,w), we see that the dual of
HY(Xg, Q) is contained in the set Repg,(Gk)®. Applying Theorem

€

6.8, we obtain the desired result. Il

For any proper smooth scheme X over K, there exists a finite ex-
tension L over K such that H% (X7, Q) is semistable everywhere as a
representation of GGy for almost all ¢ by Proposition 6.3. For this L,
we see that HY(Xz, Q)" satisfies (G-1), (G-2) and (G-3) as a repre-
sentation of Gy. Thus if we can obtain the explicit description of L, it
seems to be natural to hope that we may be able to obtain the anal-
ogous result of Corollary 6.20 for an arbitrary proper smooth scheme
X (which may not have semistable reduction everywhere). However,
there are some problems for this consideration. For example,

(a) it is very difficult to determine such an L in general.

(b) in general, a number field L which is a Galois extension of Q
has infinitely many prime numbers which are non-split in L if
and only if L is a cyclic extension of Q (by Chebotarev’s den-
sity theorem). Hence Theorems 6.7 and 6.8 are not effective
for representations of a non-cyclic Galois extension L of Q.

For an abelian variety X over K, Raynaud’s criterion of semistable
reduction ([Gr], Proposition 4.7) implies that X has semistable reduc-
tion everywhere over L := K (X|[3], X[5]). However this L may not be
a cyclic extension of Q in general.



CHAPTER 7

Abelian case of the Rasmussen-Tamagawa
Conjecture

In this chapter, we study the abelian case of the Rasmussen-Tamagawa
Conjecture (Conjecture 5.2). We use the same notation as in Chapter
6. Denote by A(K, g, (). the set of K-isomorphism classes of abelian
varieties A in A(K, g,¢) which satisfy the condition that K(A[(>]) is
an abelian extension of K. In fact, we define possibly an infinite set
A'(K, g,0)a in Section 2 which contains A(K g, ¥).p, and prove that
it is empty for any prime ¢ large enough.

THEOREM 7.1. The set A'(K, g,0)ap is empty for any prime ¢ large
enough.

In particular, the set A(K, g, ¢).p, is also empty for any prime /¢ large
enough. The key to the proof of the above theorem is to construct a
compatible system of Galois representations with a strong condition by
using the Weil Conjecture, Faltings’ trick in his proof of the Shafarevich
Conjecture and Raynaud’s criterion of semistable reduction.

1. Structures of compatible systems

Let E be a finite extension of Q. For a finite place \ of E, we
denote by /) the prime number below A\, E) the completion of E at
X\ and FFy the residue field of \. Choose an algebraic closure F, of
Fr. Put xa: Gk —> Z7 < E} and \: Gx —> FS. < FX, where
Xe, and Yy, are the £y-adic cyclotomic character and the mod ¢, cyclo-
tomic character, respectively. For a representation py: G — GL,(F))
with abelian semisimplification, Schur’s lemma shows that (p,)* ® Iy
conjugates to the direct sum of n characters, where the subscript “ss”
means the semisimplification, and we call these n characters characters
associated with py. For a A-adic representation p,, we denote by py
a residual representation of p, (for a chosen lattice). Note that the
isomorphism class of (py)® is independent of the choice of a lattice by
the Brauer-Nesbitt theorem.

Recall that we always suppress the notion of “defect set” and “ram-
ification set” of compatible systems (Section 4 of Chapter 1).

THEOREM 7.2. Let (py)x be an E-rational strictly compatible system
of n-dimensional geometric semisimple \-adic representations of G .

57
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Suppose that there exists an infinite set A of finite places of E which
satisfies the following:

(1) For any X € A, there ezists a place v of K above £y such that

(a) px is semistable at v.

(b) there exist integers wy < wo which are independent of the
choice of X € A such that the Hodge-Tate weights of py|a,
are in [wy, ws].

(2) For any A € A, (pA)® is abelian and any character associated
with py has the form X%, where a is an integer and ¢: G —
F¥ is a character unramified at all places of K above ().

(3) The Artin conductor of (px)® is bounded independently of the

choice of A € A.

Then there exist integers my,ma,...,m, and a finite extension L of
K such that, for any X, the representation py is isomorphic to x\"* @
Xx2 @@ Xy oon Gp.

PROOF. By replacing A with its infinite subset, we may suppose
that ¢, does not divide the discriminant of K and ¢, > n for any A € A.
Furthermore, we may assume that, for any A € A and a finite place v
of K above ¢, as in the condition (1), the Hodge-Tate weights of py|q,
viewed as a (@, -representation are positive and bounded independently
of the choice of A € A. By the condition (3), there exists an ideal n of
Of such that, for any A € A, the Artin conductor outside ¢, of (py)™
divides n. If we denote by ¢ a character associated with (py)* for
A € A and decompose 1) = ex® where ¢ is as in the condition (2), then
the Artin conductor outside £, of ¢ also divides n. Hence, replacing the
field K with the strict ray class field of K associated with n, we may
replace the condition (2) with the following condition (2)"

(2)" For any A € A, (p»)* is abelian and any character associated
with py has the form Y.

—ax1  —0),2 —a

Now take any A € A. Let xy™', Xy"%, ..., Xy " be all the characters as-
sociated with py. By the condition (2)" and ¢, > n, the representation
(pr)* conjugates to the direct some of n characters (over IFy) of the form
X%, which has values in IFZ. Hence if we regard the Fy-representation
px as an [y, -representation, its semisimplification is of a diagonal form
whose diagonal components are the copies of )Z?j’l, )ZZ’Q, e )’(?j" Fur-
thermore, it is a direct summand of the semisimplification of a residual
representation of py viewed as a Qy,-representation. Therefore, by
Caruso’s result on an upper bound for tame inertia weights (cf. Theo-
rem 2.24) and the condition (1), there exists a constant C' > 0, which
is independent of the choice of A € A, and an integer 0 < b, ; < C such
that
(ﬁ) b)\’i = CL)\ﬂ' mod f)\ -1

for any 4 (recall that ¢, does not divide the discriminant of K). Now
we claim that the set {bx1,br2,...,bx,} is independent of the choice
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of A € A large enough. Denote by S the ramification set of (py)a.
Take a vy ¢ S and decompose det(T — pa(Fry,)) = [[7_ (T — )
By conditions (2)’ and (4), we have the congruence [[7_, (T — a, ;) =
H?zl(T—qgg’j) in F5[T]. If £ is large enough (note that A is an infinite
set), then we obtain that this congruence is in fact an equality in E[T]:

[[- (T—au, ) = H?Zl(T—qgg’j). Therefore, the set {by1,bx2,...,bxn}
is independent of the choice of A € A with ¢, large enough. This
proves the claim. We denote {bx1,bxr2,...,bxn} by {mi,ma,...,m,}
for such a A € A. By the compatibility of (p,)x, we obtain the equation
det(T — px(Fr,)) = [[;,(T - q”) for any A and v ¢ Sy, (recall Sy, :=
S U {places of K above ¢}, Section 4 of Chapter 1). Therefore, the
representation p, is isomorphic to x\"* @ x\* @ --- & xy". By the
compatibility of (p,), this finishes the proof. O

COROLLARY 7.3. Let (py)a be an E-rational strictly compatible sys-
tem of abelian semisimple mod X\ representations of G . Suppose that,
for infinitely many finite places A of E, any character associated with
px has the form ex$, where e: Gx — FY is a character unramified at
all places of K above ). Then there exist a finite extension L of K
and integers my,ma, ..., my, such that, for all finite places A\ of E, the
representation py is isomorphic to X5"' @ Xy> B - D Xy on Gr.

PrOOF. By Theorem 1.21, we know that there exist a finite exten-
sion E' of ' and an E’-rational abelian semisimple compatible system
(pa)a of N-adic representations of G which arises from Hecke char-
acters such that (py)x is a lift of (py)a, that is, py is isomorphic to
pr ® Fy for any A and any finite place X of E’ above A. By Corollary
1.22, the compatible system (py/ )y satisfies all the assumptions (1),
(2) and (3) in Theorem 7.2, and consequently we obtain the desired
result. O

COROLLARY 7.4. Let (px)a be an E-rational strictly compatible sys-
tem of n-dimensional semisimple \-adic representations of Gy . Sup-
pose that

(1) (pr)* is abelian for almost all \;

(i) for infinitely many X\, any character associated with (px)* has
the form ex$, where e: Gx — FY is a character unramified at
all places of K above (.

Then there exist integers my,ma,...,m, and a finite extension L of
K such that, for any X, the representation py is isomorphic to x\"* @
Xy2 @D ® XY on G

PRrROOF. The result follows immediately by applying Corollary 7.3
to the compatible system ((px)*)a. O
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Let A and )\ be finite places of K of different residual characteris-
tics. Let p) be an FE-rational n-dimensional semisimple A-adic repre-
sentations of G with ramification set S. Suppose that there exists an
semisimple \-adic representation py: of G such that

det(T — px(Fr,)) = det(T — py(Fr,))

for any v ¢ Sy, U Sy,,. Considering Fontaine-Mazur’s “Main Conjec-
ture” (Conjecture 1.10), we hope that py is crystalline for any finite
place v’ of K above £,/'. However to prove this hope seems not to be
easy. If p, is abelian, the hope is true by Theorem 1.16 and 1.17. If we
consider representations which is pure (cf. Chapter 1, Section 4), we
can improve the statement (1) of Theorem 7.2 as below. If the hope
is true, it is not difficult to prove the proposition below without the
assumption of pureness by the similar method of the proof of Theorem
7.2.

PROPOSITION 7.5. Let (px)r be an E-rational strictly compatible
system of n-dimensional geometric semisimple A-adic representations
of Gi. Suppose that (py)x is pure. Suppose that there exists an infinite
set A of finite places of K which satisfies the following:

(1) For any X € A, there ezists a place v of K above £ such that
(a) there exists a constant C' > 0 which is independent of the
choice of X € A such that [I, : £,(px)] < C. Here £,(py)

is the inertial level of py at v (see Section 2.4).

(b) there exist integers wy < wy which are independent of the
choice of A € A such that the Hodge-Tate weights of pxla,
are in [wy, ws).

(2) For any A € A, (p\)® is abelian and any character associated
with py has the form ex%, where e: G — FY is a character
unramified at all places of K above ().

(3) For any X € A, the Artin conductor of (px)*® is bounded inde-
pendently of the choice of A € A.

Then there exist an integer m and a finite extension L of K such that,
for any A, the representation py is isomorphic to (x¥')" on Gy.

PROOF. Most parts of the first paragraph of this proof will proceed
by the similar method as the proof of Theorem 7.2 and hence we will
often omit precise arguments. First we may assume that, for any A € A,

(2)" any character associated with py has the form y$

and furthermore, p,|g, has Hodge-Tate weights in [0, ] for any A and
v as in the condition (1). Here r is a positive integer which is inde-
pendent of the choice of A € A. Suppose A is a finite place in A. Let

Xy Xy " be all the characters associated with py. Taking a

IBecause pa and py shall come from an algebraic variety X and their ramifi-
cation set S shall be “bad primes” of X.
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finite place v as in the condition (1), there exists a finite extension L,, of
K, such that p,|q,  is semistable and [L,, : K,] < C. If we denote by
e, the absolute ramification index of L, then it follows e,, < C[K : Q]
and Theorem 2.24 implies that there exists an integer 0 < b/A,i < e,r
which satisfies b’/\ﬂ- = eyay,; mod £, — 1. Consequently, we see that there
exist integers e > 0 and D > 0, which are independent of the choice of
A € A and by; = eay; mod £y — 1 for some integer by ; € [0, D]. Take
any v ¢ S, and decompose det(T — p(Fr,)) = [[[_, (T — ay ;). Then,
by the similar arguments as the proof of Theorem 7.2, we can show

that [[_ (T — g ;) = [}, (T — qu“') if we take A € A with ¢ large

j=1
enough. Since (py), is pure, we have

n n

[T e =T1T~a)

j=1 j=1
for some integer b. It follows from the compatibility of (py), that the
above equation holds for any A (which may not be in A) and v ¢ Sy, .

In the argument below, we use the method of the proof of Propo-
sition 1.2 of [KL]. Fix A and denote it by A\g. Take a finite extension

K’ of K such that there exists a continuous character Xi{) G — By
which has values in the integer ring of E), and (X}\{) ) = xr- Re-
place this K’ with K. Then we know that, for any v ¢ Se,,» all the

roots of det(1T" — p (Fr,)) are roots of unity, where p}  is the twist

of py, by ()&é °)~t. Since there are only finitely many such roots of
unity, there are only finitely many possibilities for the characteris-
tic polynomial of Fr,. Hence the function which takes ¢ € G to
det(T' — p)\ (9)) € E[T] is continuous and takes only finitely many val-
ues by Chebotarev’s density theorem. It follows that the set {g € G |
det(T — p),(g)) = (T'— 1)"} is an open subset of G, which contains
the identity map of K. Hence there exists a finite extension L of K
such that G C {g € Gk | det(T — p)\,(9)) = (' — 1)"}. Then we

see that p), is isomorphic to ((X}\{) )" on Gy Since py, is geometric,
we know that b/e =: m is an integer and we finish the proof by the
compatibility of (py)ax. O

2. Notion and the proof of Theorem 7.1

2.1. Notion. We give precise definitions for the statement of The-
orem 7.1. Let K be a finite extension of Q and A an abelian variety
over K. Consider the following conditions:

(RT,) K(A[{]) is an f-extension of K (uy).
(RT,)" For some finite extension L of K which is unramified at all
places above ¢, L(A[{]) is an {-extension of L(uy).

(RTyeq) The abelian variety A has good reduction away from ¢ over K.
(RT.p) K(A[€>]) is an abelian extension of K.
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It is clear that (RT,) implies (RT,)". Note that, for a g-dimensional
abelian variety A over K, the isomorphism class [A] of A is contained
in A(K, g,¢) if and only if A satisfies (RT,) and (RT,eq) by the criterion
of Neron-Ogg-Shafarevich.

DEFINITION 7.6. We define sets A(K, g, ()., and A'(K,g,{)a, of
isomorphism classes of g-dimensional abelian varieties A over K as
follows:

(1) [A] € A(K,g,0) if and only if A satisfies (RT,), (RTyeq) and
(RTap).
(2) [A] € A(K,g,{)a if and only if A satisfies (RT,)" and (RT,p).

Clearly, we have A(K,g,¢) D A(K,g,0)an C A(K,g,0)ap. The set
A(K, g, 0)a is always finite but A'(K, g,{)., may be infinite?. Here
is a table of definitions and properties for cardinality about our sets
defined as above.

(RTy) | (RTy)" | (RT1eq) | (RTap) | cardinality
A(Ka g, g) O O O - finite
A(Kvgvg)ab O O O O finite
A’(K, g, g)ab — O — O _

Here, the meaning of the notations are as follows: Every K-isomorphism
class of A satisfies (RT,) (or (RT,)") in the cases marked with (). A
“finite” means that there exist only finitely many such isomorphism
class of abelian varieties in that case.

If we admit Conjecture 5.2, then we know that A(K, g, ).y, is empty
for any prime ¢ large enough. In fact, we can show that A (K, g,¢)an
is empty for any prime ¢ large enough.

2.2. Proof of Theorem 7.1. First we study the structure of A[/]
for an abelian variety A in A'(K, g,{).,. Let A be any g-dimensional
abelian variety over K. We denote by pas: Gk — GLyy(Qy) (resp.
pae: Gx — GLyy(Fy)) the representation attached to the ¢-adic Tate
module T;(A) of A (resp. the set A[(] of {-torsion points of A). Consider
the following properties:

(RT«) (pae)™ conjugates to the direct sum of n characters which are
of the form Yj.

(RT«)" (pay)® is abelian and characters associated with p ¢ are of the
form ey¢, where e: Gy — F/ is a continuous character which
is unramified at all places above /.

Recall that the condition (RTy) is equivalent to the condition (RTs)
by Corollary 5.4. Hence the isomorphism class [A] of g-dimensional
abelian variety A over K is in A(K, g, /) if and only if A satisfies the
condition (RT,eq) and (RTy).

2The author does not know an example such that A'(K, g, £)ap is infinite.
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LEMMA 7.7. Let A be a g-dimensional abelian variety over K. Sup-
pose that the abelian variety A satisfies the condition (RTyp,). Then A
satisfies the condition (RTy) if and only if A salisfies the condition
(RTg)".

PROOF. Suppose that an abelian variety A satisfies the condition
(RT4.,) and denote by 1,. .., 1y, characters associated with py,. If
A satisfies (RTg)’, then we have ¢); = ¢;X;" for some integer a; where
gi: Gg — ]FZ is a continuous character which is unramified at all places
of K above £. Let L be the composition field of all fields K*& for all
1. Then L is unramified at all places of K above /. Since each @MGLW)
is trivial, we obtain (RT,)’. Conversely, suppose that (RT,)" holds and
take a field L as in (RT,). By Lemma 5.3, we know that each v;|q,
is equal to xj* for some integer a;. Hence ¢; :=1; - x, " : Gx — F ARE
unramified at all places above ¢ and this implies (RTg;)". O

We recall the following proposition, which is used in Faltings’ proof
of the Shafarevich Conjecture [Fal.

PROPOSITION 7.8. There exists a finite set T of finite places of
K, depending only on K, E,S,n and \, which satisfies the following
property:

(1) The intersection T NSy, is empty.

(2) If p and p' are semisimple \-adic representations G — G L, (FE))
unramified outside S with Tr(p(Fr,)) = Tr(p'(Fr,)) for any
v EeT, then p and p' are isomorphic.

Proor. We give a proof only in the case where E' = Q for simplicity
(in general case, the proof proceeds in the same way).

First we define the set T" as below. By the theorem of Hermite-
Minkowski, there exists a finite Galois extension L of K such that L
contains all the finite extensions K’ of K which are unramified outside
Sy with [K’ : K] < ¢*”. By the Chebotarev density theorem, we can
choose a finite set T" such that all the images of arithmetic Frobenii for
v € T in Gal(L/K) generates Gal(L/K). Let p1: Gx — GL (V1) ~
GL,(Qy) and py: Gxg — GLy(V3) ~ GL,(Qy) be representations such
that

Trp; (Fr,) = Trpy(Fr,) for any v € T.

Take a G g-stable lattice T; of V; for each ¢. Put p1o := p; X po: G —
GL(T,)xGL(T3). Let M be the sub Z,-module of Endy, (71)xEndz, (T%)
which is generated by Im(pis), that is, M := Z,[Im(p12)]. Then M
has a natural action on 7; via the projection M — Endy, (7;). Since
Endgz, (T1) xEndgz, (T,) has rank 2n?, we have that M is a free Z,-module
of rank < 2n?. Our goal is to show that

(x) Tr(m|Ty) =Tr(m|Ty) for any m € M,
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and it is enough to prove that the above equality (*) holds for genera-
tors of M. Since the equality (x) holds for any v € T and m = p;5(Fr,),
we finish the proof if we prove that {pi2(Fr,) | v € T} generates
M as a Zymodule. Denote by N the sub Z,module of M which
is generated by {p12(Fr,) | v € T}. It is enough to show that the
image of N in M/{M generates M/¢M by Nakayama’s lemma. Put

pro: G 28 M Pro M/¢M. Note that po has values in (M/¢M)*
and hence we have a homomorphism ¢: Gx — (M/¢M)* induced by
pro. Since ¢ is unramified outside Sy and Im(py) < (4meM/EM < p2n®
we see that v factors through Gal(L/K). By this fact, we obtain
Im(p12) = {p12(Fr,) | v € T} C M/¢M and therefore, we obtain

M/eM = Fo[Im(p2)] = N.
This completes the proof. O

COROLLARY 7.9. Fiz an integer w. The set of isomorphism classes
of semisimple n-dimensional (-adic representations G — GL,(Qy)
which are Q-integral with Frobenius weights < w outside S, is finite.

PROOF. Take a finite set T" which appears in Proposition 7.8 under
the condition £ = Q. For any v € T and an /-adic representation
Gk — GL,(Q) which is Q-integral with Frobenius weights < w out-
side S, there are only finitely many possibilities for the trace Tr(p(Fr,))
of Fr,. Hence Proposition 7.8 implies the desired result. O

ProPOSITION 7.10 (Raynaud’s criterion of semistable reduction,
[Gr], Proposition 4.7). Suppose A is an abelian variety over a field
F with a discrete valuation v, n is a positive integer not divisible
by the residue characteristic, and the points of A[n] are defined over
an extension of F which is unramified over v. If n > 3 then A has
semistable reduction at v. In particular, if A is an abelian variety over

a number field K, then A has semistable reduction everywhere over
K(A[12]) = K(A[3], A[4]).

For an integer g > 0, put
D, =G Sps,(Z/127Z)
= 1GSpey(Z/3Z) - $GSpay(Z/AZ).

This integer plays an important role in the following proof.

COROLLARY 7.11. Fiz an integer g > 0. For any g-dimensional
abelian variety A over K, there exists a finite Galois extension L of K
such that [L : K] divides Dy and A has semistable reduction everywhere
over L.
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PROOF. Since K(A[12]) is a Galois extension of K and [K(A[12]) :
K] divides® D,, the desired assertion follows from the last sentence of
Proposition 7.10. U

If p: Gk = GL3y(Qy) is an abelian representation, then, for any in-
teger k, we denote by p* the representation G — GLa,(Q,) which
is defined by p*(s) := (p(s))* for any s € Gx. With this notation,
combining the above corollaries, we obtain the following lemma which
plays an important role in the proof of Theorem 7.1 to construct a good
compatible system.

LEMMA 7.12. Let g > 0 be an integer and {y a prime number.
Let Ay, be the set of isomorphism classes of representations p: G —
G L2y (Qy,) which are isomorphic to pi’go for some g-dimensional abelian
variety A over K such that K(A[(F]) is an abelian extension of K.
Then Ay, is finite.

PROOF. If A is an abelian variety over K such that K(A[(X]) is
an abelian extension of K| then A has potential good reduction every-
where. Thus it follows from Corollary 7.11 that the representation pfffo
is unramified outside ¢, for any g-dimensional abelian variety A over
K such that K(A[(;°]) is an abelian extension of K. Take any finite
place v of K not above £,. Take a finite Galois extension L of K such
that [L : K] divides D, and that A has good reduction everywhere over
L. Let vg, be a finite place of L above v and denote by f the extension
degree of I, over F,, where IF,, and I, are residue fields of v; and
v, respectively. Noting that L is a Galois extension of K and A has
good reduction everywhere over L, we see that D,/ f is an integer and
obtain the equation

det(T" — ng’go(FrU)) = det(T — (pag, (Fry, )P/ 1).

Since A has good reduction everywhere over L, the Weil Conjecture
implies that det(T" — pag, (Fry,)) has rational integer coefficients and
hence so is det(T — (pa, (Fr,, ))P#/f). Consequently, the representation
pgfzo is Q-integral with Frobenius weight D, /2 outside the set of finite
places of K above £y. By Corollary 7.9, we have the desired result (note
that pgf’go is semisimple). d

Proor oF THEOREM 7.1. First we note that, if an abelian variety
A over K satisfies (RT,p,), then pa ¢ is abelian for any prime number ¢/
(cf. [Se3], Chapter III, Section 2.3, Corollary 1). Fix a prime number
¢y and denote by Ay, the set as in Lemma 7.12. Assume that there
exist infinitely many prime numbers ¢ such that A'(K, g,{)., is not

3The image of the representation pa,.: Gx — GL(A[n]) =~ GLay(Z/n7Z) lands
inside GSpag(Z/nZ) C GL2g(Z/nZ) thanks to the Galois-equivariance of the Weil
pairing.
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empty. For every such ¢, we obtain the fy-adic representation pff’go
which is in the set Ay, where A is an abelian variety whose isomor-
phism class is in the set A'(K, g,/{).,. By Lemma 7.12, we see that
there exists a representation py, in Ay, such that for infinitely many ¢
and [A] € A'(K, g,0)ap, pj?;o is isomorphic to pg,. By the Weil Conjec-
ture, the representation py, extends to a Q-integral strict compatible
system (pg)e of 2g-dimensional abelian semisimple (-adic representa-
tions of Gk. Furthermore, for infinitely many prime numbers ¢, the
characters associated with py are of the form eyj by Lemma 7.7, where
e:Gg — I[_?Z is a continuous character which is unramified at all places
of K above £. Applying Theorem 7.2 (or Corollary 7.4), we see that
there exist integers my,...,mgy and a finite extension L of K such

mag

that pg, is isomorphic to X' @ xy.° @ -+ ® Xy, on Gr. In particular,
for some prime number ¢ and [A] € A'(K,g,{)ap, pfj’zo is isomorphic
to Xp' D Xps Do D XZZQQ on Gr. Therefore, looking at the eigen-
values of images of a Frobenius element (at some place) of pi’zo and
Xo' @ Xoo® EB-~-EB)(229, we know that D,/2 = my = my = -+ = my,
by the Weil Conjecture. Since pj?;o has Hodge-Tate weights 0 and D,
at a place of L above ¢, this is a contradiction. O

3. Application to CM abelian varieties

Theorem 7.1 gives some implication for abelian varieties which have
complex multiplication. If an abelian variety A over K has complex
multiplication over K, then it is well-known that pa, is abelian (cf.
[ST], Section 4, Corollary 2).

LEMMA 7.13. Let A be an abelian variety over K of dimension g.
Suppose that there exists a finite extension L of K which satisfy the
following two properties:

(i) LN K(A[(]) = K for some prime {y; and
(ii) the abelian variety A has complex multiplication over L.
Then pay is abelian for any prime {.

ProoOF. The condition (i) implies that pa(Gr) = pas(GL), which
is an abelian group by (ii). Thus pag, is abelian and hence ps, is
abelian for any prime ¢ (cf. [Se3], Chapter III, Section 2.3, Corollary
1). O

For example, the condition (i) is automatically satisfied if [L : K]
is prime to $G Lyg(Fg,) = (627 — 1)(£39 — 0) - - (659 — £297"). Combining
Lemma 7.13 with Theorem 7.1, we obtain the following.

COROLLARY 7.14. The set of isomorphism classes [A] € A(K, g,)

of abelian varieties A as in Lemma 7.13 is empty for any prime £ large
enough.
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